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Abstract. We define and prove a noncommutative generalization of a formula 
relating the Maslov index of a triple of Lagrangian subspaces of a symplcctic 
vector space to eta-invariants associated to a pair of Lagrangian subspaces. 
The noncommutative Maslov index, defined for modules over a C*-algcbra A, 
is an element in Kq(A). The generalized formula calculates its Chern character 
in the de Rham homology of certain dense subalgebras of A. The proof is a 
noncommutative Atiyah-Patodi-Singer index theorem for a particular Dirac 
operator twisted by an .4-vector bundle. We develop an analytic framework 
for this type of index problem. 
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Introduction 



The purpose of this paper is twofold. We establish a noncommutative general- 
ization of a formula by Cappell, Lee and Miller |CLM| relating the Maslov index of 
a triple of Lagrangian subspaces of a symplectic vector space to certain ^-invariants 
which can be associated to a pair of Lagrangian subspaces. The formula was gener- 
alized to families of Lagrangian subspaces by Bunke and Koch jBK| . Our Maslov 
index will be defined for C* -modules and will be an element in the i^-theory of the 
C* -algebra, whereas the 77-invariants are replaced by noncommutative differential 
forms. The proof of our formula is a noncommutative index theorem for a particular 
Dirac operator twisted by a C*-vector bundle on a two-dimensional manifold with 
boundary and cylindric ends. The index theorem calculates the Chern character of 
index of the Dirac operator in the de Rham homology of certain dense subalgebras 
of the C* -algebra. 

The second aim is to provide a precise analytic framework for the index theory 
of Dirac operators over a certain type of dense subalgebras of C*-algebras based 
on heat kernel methods and the Quillen superconnection formalism. In particular 
these dense subalgebras are assumed to be projective limits of Banach algebras, 
so that we mostly deal with Banach space valued functions. Our results apply 
to higher index theory for invariant Dirac operators on covering spaces. Proofs in 
higher index theory based on the superconnection formalism have been given before 
|Lolj |Lo2j |LP1| |LP2| |Wu| . Some analytical methods relevant for the general 
situation have been developed by Lott in |Lo3j . 

The Maslov index t(L , L 1; L 2 ) of a triple of Lagrangian subspaces (L , L±, L 2 ) 
of TR 2n endowed with the standard symplectic form w is defined as the signature of 
the quadratic form q on Lq n (L\ + L 2 ) jLV| given by 



q(xi + x 2 ) := v(x 2 , Xi), Xi £ Li . 



Its geometric significance comes from a gluing formula for signatures of manifolds 
with boundary Wa : Let M An be an oriented manifold with boundary and let N be 
a hypersurface in M with boundary. Cutting along N produces two (topological) 
manifolds M U M 2 with boundary. The images of H 2n - 1 (N) and i? 2 ™" 1 ^), i = 
1, 2, in H 2n ^ 1 (dN) are Lagrangian subspaces with respect to the symplectic form 
induced by the cup product. Up to sign the difference of the signatures a(M) — 
(j{M\) — a(M 2 ) equals the Maslov index of these subspaces. 

The ^-invariant associated to a pair (Lq, Li) of Lagrangian subspaces is defined 
as the 77-invariant of the operator Di = Iq-t- on L 2 ([0, 1], IR 2n ) with boundary 
conditions /(0) G Lq, f(l) € L\. Here Iq is the skewsymmetric matrix representing 
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the symplectic form uj with respect to the standard scalar product on JR 2n . Then 

1 Z" 00 1 2 
rj(L , Li) = —= / i~3 Tr D^'^dt . 

V 71 " Jo 

It is a regularization of the difference between the number of positive and negative 
eigenvalues of Dj. The ^-invariant t/^Lq, Li) occurs as a correction term in a gluing 
theorem for 77-invariants Bu . The formula 

t(L , Li,L 2 ) = ri(L ,Li) + ri{L\, L 2 ) + r/(L 2 , L Q ) , 

which will be generalized to a noncommutative context, can be interpreted as re- 
flecting the connection between the gluing problems for signatures and 77-invariants 
via the Atiyah-Patodi-Singer index theorem. 

The noncommutative Maslov index and the ?y-forms should play a similar role in 
gluing problems for higher signatures for manifolds with boundaries |LP3| . |LLP , 
|LLK| . higher 77-invariants and p-invariants |Lolj . In t!4.5l we explain how our for- 
mula is related to a gluing formula for noncommutative 77-forms for Dirac operators 
on the circle. 

The proof by Cappell, Lee and Miller relies on the axiomatic properties of the 
Maslov index, which are not expected to hold for a noncommutative generalization. 
Bunke and Koch |BK| formulated an index problem whose solution, an Atiyah- 
Patodi-Singer type index theorem, yields the above formula. They interpreted the 
Maslov index as the index of a Dirac operator on a two-dimensional manifold with 
boundary and six cylindric ends isometric to M + x [0, 1]. The Lagrangian subspaces 
enter in the definition of the boundary conditions. The purpose of their approach 
was to prove a formula for families of Lagrangian subspaces. 

Our proof is a generalization of the approach of Bunke and Koch. Instead of 
a family of Dirac operators we consider a Dirac operator twisted by a C* -vector 
bundle [MP] . 

Before stating the result we give a short introduction in the type of noncom- 
mutative index theorem considered in this paper: 

Family index theorems describe Fredholm operators depending continuously on 
a parameter from some compact space. The index of a family of operators is an 
element in if-theory of the base space. If the kernel and the cokernel are vector 
bundles, then the index is the difference of the classes of these bundles. 

One may reformulate this situation by replacing the base space B by the C*- 
algebra C(B) and the family of operators by an operator on a C(i?)-module. The 
index is then in the C*-algebraic if-theory Kq(C(B)), which is naturally isomorphic 
to K°(B). 

Miscenko and Fomcnko MF formalized and generalized this point of view by 
defining Fredholm operators on Hilbert C*-modules for general C*-algebras. The 
index of such a Fredholm operator is an element in the if -theory of the C* -algebra. 
They also elaborated a theory of pseudodifferential operators over C*-algebras. 
Important examples for geometric applications are Dirac operators associated to 
C*-vector bundles. 

In order to formulate a noncommutative analogue of the family index theo- 
rem, which calculates the Chern character of the index of a family of Dirac oper- 
ators in the cohomology of the base space, now assumed to be a manifold, ana- 
logues of differential forms, de Rham cohomology and the Chern character are 
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needed. Karoubi jKaj introduced a complex of differential forms (£l*A, d) associ- 
ated to a Frechet algebra A, its de Rham homology H^ R (A) and a Chern character 
ch : Kq(A) — > H^ R (A), which is defined if in addition A is a local Banach algebra. 
Unfortunately the de Rham homology of a C*-algebra does not behave well, in par- 
ticular the de Rham homology of a commutative unital C* -algebra is in general not 
the cohomology of the corresponding compact space. By considering the de Rham 
homology of the algebra C°°(B) instead of C(B) one recovers the Chern character 
from differential geometry. This can be interpreted as reflecting the fact that a 
diffcrcntiable structure on B is needed for the definition of de Rham cohomology. 

In order to get a reasonable Chern character in the general situation one chooses 
a dense subalgebra Aoo holomorphically closed under the functional calculus in A. 
Then Ko(Aoo) is canonically isomorphic to Kq(A), and the Chern character yields 
a homomorphism 

ch : K Q (A) -» H^(Aoo) . 
In this setting homological index theorems for Dirac operators associated to C*- 
vector bundles can be formulated and - at least formally - a noncommutative 
version of Bismut's family index theorem makes sense |BGV) . Note that formally 
the noncommutative situation is less complex than the family case since the Rie- 
mannian metric is fixed. 

For the generalization of the heat kernel theory additional conditions have to be 
imposed on the algebra Aoo'- It should be the limit of a projective system {-4i}igiN 
of involutive Banach algebras with Ao — A, such that there are dense embeddings 
Ai+i Ai and such that each A% is closed with respect to the holomorphic func- 
tional calculus in A. The motivating example is Ai := C l (B) for a closed manifold 
B. More generally, if 6 is an involutive closed derivation on A with Dj dome) 1 dense 
in A, then the projective system given by Ai := domS 1 with norm 

i 

||a||i:=£||<P(a)|| 

3=0 

fulfills the conditions. For a discrete finitely generated group G the unbounded 
operator D on l 2 (G) defined by Dl g = l(g)l g , where I is a word length function 
on G, induces a closable derivation i5(/) = [D,f] on B(l 2 (G)). Furthermore CG C 
At := dom<f n C*(G). The projective limit Aoo C C*,(G) is closely related to the 
algebra employed by Connes and Moscovici in their proof of the Novikov conjecture 
for Gromov hyperbolic groups via higher index theory CM . Using this setting our 
results can be applied to higher index theory. A proof of a higher Atiyah-Singer 
index theorem based on heat kernel methods was given by Lott |Lo2| and a higher 
Atiyah-Patodi-Singer index theorem was proved by Leichtnam and Piazza |LP1| 
|LP2| . Lott introduced higher ^-invariants and /^-invariants |Lol| . A motivation 
for higher index theory is the study of higher signatures and the Novikov conjecture. 
Index theory for Dirac operators over C* -algebras in general has been applied to 
the study of manifolds with positive scalar curvature jPSj |Ros2| . 

The proofs of the higher index theorems mentioned above rely on the compar- 
ison with the situation on the covering space where one can deal with operators on 
sections of complex vector bundles. In the general setting the main difficulty lies 
in the fact that the calculus of regular operators on a Hilbert C*-module and the 
calculus of pseudodifferential operators over a C* -algebra are not sufficient for the 
study of the heat semigroup since we have to deal with vector bundles whose fibers 
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are projective ^4oo-modules. By proving that the de Rham homology behaves well 
under the projective limit we justify the fact that one can deal with Banach spaces 
instead of Frechet spaces. Then the theory of holomorphic semigroups can be used 
instead of the calculus of selfadjoint operators. We define appropriate operator 
spaces on L 2 -spaces of vector valued functions, for example Hilbert-Schmidt oper- 
ators and trace class operators. Duhamel's principle is used for the construction 
and the short time asymptotics of the heat kernels. The long time asymptotics is 
more intricate: here we have to get hold of the spectrum of the Dirac operator. We 
adapt a method developed by Lott, namely a restricted pseudodifferential operator 
calculus giving information about the resolvent set of the Dirac operator and the 
regularizing properties of the resolvents |Lo3j . 

Although the theory is developed only for a particular two-dimensional mani- 
fold and a trivial vector bundle, the relevant parts generalize to the Atiyah-Patodi- 
Singer index problem for Dirac operators over C*-algebras, which will be considered 
elsewhere. 

Now we can formulate the noncommutative version of the equation relating the 
Maslov index and the ^-invariants. 

Let C 2 ™ be endowed with the skewhermitian form lu induced by the standard 
symplectic form on H 2n via the identification C 2 ™ = H 2n <S>m <D. 

For a C*-algebra A a Lagrangian projection on A 2n is a selfadjoint projection 
P G M2n(A) fulfilling PIq = (1 — Iq)P. Two projections are called transverse if 
their sum is invertible. 

As above one associates an A- valued hermitian form q to every triple (Vq, Vi, V2) 
of pairwise transverse Lagrangian projections. The class t(Vq,Vi,V2) := [q] G 
K (A) is called Maslov index of (V , Vi , V 2 ) • 

An 77-form r](Vo,Vi) € £l*A 00 /{'£l*Aoo,&*A 00 ]s can be associated to a pair of 
transverse Lagrangian projections (Vo,Vi) with Vi £ M 2n (yloo), i = 0,1. Here 
[ , ] s denotes the supercommutator. The 77- form is defined via a superconnection 
associated to the operator Dj = Io-jf- on £ 2 ([0, l],„4 2rl ) with boundary conditions 
/(0)=P /(0)and/(l)=P 1 /(l). 

Then our main result is: 

Theorem. For a triple (Vo,Vi,V2) of pairwise transverse Lagrangian projec- 
tions with Vi S M2n(Aoo), i = 0,1, 2, 

ckr{V ,Vx,V 2 ) - [viVM + niVuV^ + ^Vo)] e tffVU • 

This paper is based on the author's PhD thesis. I would like to thank my 
supervisor Ulrich Bunke for drawing my attention to the problem and for fruitful 
discussions, and Margit Rosier for the introduction into the theory of semigroups. 

Summary 

The paper is organized in the following way: 

As mentioned above, the Maslov index t(Vq,Vi,V2) is the index of a Dirac 
operator D + twisted by a C*-vector bundle on a two-dimensional spin manifold M 
with six cylindric ends isometric to [0, 00) x [0, 1]. 



NOTATION AND CONVENTIONS 



5 



In Chapter 1 the manifold M is described and we explain in more detail the 
family index theorem of Bunke and Koch |BK| . Then the universal differential 
algebra Cl*Aooi the de Rham homology Hf R (Aoo) and the Chern character are 
introduced and investigated. It is shown that H'^ R (A 00 ) is the projective limit of 
H^ R {Ai). Moreover Lagrangian projections and the Maslov index are defined. 

In Chapter 2 we introduce the Dirac operator D = D + D~ on M whose 
boundary conditions are defined by a triple of Lagrangian projections (Vqj'Pi,^)- 
Furthermore the operator Dj is defined and its properties on the Hilbert „4-module 
i 2 ([0, 1], A 2n ) are studied. Then we show that D + is Fredholm between appropriate 
Hilbert C*-modules and that its index equals t(T'o,Vi,P2)- We define a compact 
perturbation D(p) of D such that D(p) + is surjective. Then the index of D + can 
be expressed in terms of the kernel of D(p). 

Chapter 3 is devoted to heat semigroups and their integral kernels, in particular 
those associated to Dj and D(p). 

In Chapter 4 we introduce superconnections in order to define the 77-form. Now 
we can formulate the index theorem. The remainder of the chapter is devoted to 
its proof. We introduce the rescaled superconnection A(p) t associated to D(p) 
and study the family of operators e^ A ^t . We show that it is a family of integral 
operators with smooth integral kernel and obtain estimates for the integral kernel 
for small t. Once the heat kernel theory is established, the proof of the index 
theorem itself is fairly standard. We follow the proof in |BK| . which is modelled 
on Melrose's 6-calculus M^, and compare the limit of a generalized supertrace of 
e ~Mp)t for t — ► 00, which is the Chern character of the index of D + , with its limit 
for t — > 0. Since the differences between the calculus for Dirac operators associated 
to complex vector bundles and the one for Dirac operators associated to a projective 
system of vector bundles as developed here are subtle, the proof is given in detail. 

In Chapter 5 the functional analytic framework is developed. The function 
spaces we deal with are introduced, as for example the L 2 -spaces of vector valued 
functions, and operators on them are studied. In particular we define and study 
appropriate notions of adjointablc operators, Hilbcrt-Schmidt and trace class op- 
erators. Furthermore we recall the properties of Fredholm operators and regular 
operators on Hilbert C*-modules, and collect some facts from holomorphic semi- 
group theory. The reader is advised to go through the definitions of this chapter 
first in order to get acquainted with the functional analytic setting. 

Notation and conventions 

If not specified vector spaces and algebras are complex, manifolds are smooth. 

We often deal with Z/2-graded spaces. Then [ , ] s denotes the supercommuta- 
tor and tr s the supertrace. In a graded context the tensor products are graded. For 
an ungraded vector space V, we denote by V + resp. V~ the same space endowed 
with a grading: all elements are homogeneous of positive resp. negative degree. 

Tensor products denoted by £g> are completed. The way of completion is in- 
dicated by a suffix in all but the two most common cases: In the case of Hilbert 
C*-modules (£> means the Hilbert C*-module tensor product, and if one of the 
spaces is a nuclear locally convex space, then ® means 0^ or ® £ . The algebraic 
tensor product is denoted by 0. 

By a differentiable function on an open subset of [0,1]™ we understand a func- 
tion that can be extended to a differentiable function on an open subset of IR™. 
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This induces the notion of a differentiable function on a manifold with corners, in 
our case M X M. 

If S, X are sets with S C X, then the characteristic function of S is denoted 
by Is ■ X — > {0, 1}. If X is a metric space, y (£ X and 5 C X then 5) := 
inf d(x,y). For Si,^ C X we set d(Si,5 2 ) := inf d(x, S 2 )- 

If Ei, i = 1, 2, is a vector bundle on a space X;, i = 1, 2, and pi : X\ x X2 — » X 
is the projection, then E\ME2= p*E\ (g) ^2^2 on X x 

We use the notions from |BGV| in the context of spin geometry. In addition let 
a Dirac bundle be a selfadjoint Clifford module endowed with a Clifford connection 
with respect to which the metric is parallel. Our sign conventions differ from those 
in BGV since we deal with right modules over the algebra of differential forms. 

The value of the constant C used in estimates may vary during a series of 
estimates without an explicit remark. 



CHAPTER 1 



Preliminaries 

1.1. The geometric situation 

In this section the two-dimensional spin manifold M with boundary and cylin- 
dric ends, a Dirac bundle E on it and the associated Dirac operator will be in- 
troduced. The open covering IA (r, b) of M constructed in this section will be used 
for cutting and pasting arguments later on. Furthermore we will fix a flat open 
set F C M containing the boundary and the cylindric ends and trivializations of 
TM\p and of E\p, which will be used in the definition of the boundary conditions 
for the Dirac operator in t l2.1.1l 

We begin by defining the manifold M. 

For k £ 2/6 let Z/, be a copy of 1R x [0,1]. With the euclidian metric and the 
standard orientation Z^ is an oriented Riemannian manifold with boundary. Let 
(a:*, x\) be the euclidian coordinates of Z^. 

For r > -|, b < ± and k G Z/6 let 

F k (r,b) := {(a£,a£) G ]r,oo[x[0,l] U ] - l,r] x ([0,6[U]1 - 6,1])} C Z k . 
We define 

F(r,6):=( (J F*(r,6))/~ 
feez/6 

with {x\,x%) - (-l-xf-^l-aj -1 ) for (^,4) G ] - l,-|[x[0, 6[ and A G Z/6. 

Then F(r, 6) inherits the structure of an oriented Riemannian manifold from 
the sets F k (r, 6) . 

The set |)\F(-i,i)is diffeomorphic to the open ring fl 1 (0)°\S 1/2 (0) C 

1R 2 via an oriented diffcomorphism 4>. We define the manifold with boundary 

Mx=F{-\>\)U+BiW . 

For r>— i,6<-|we identify F(r,b) and Fk(r,b) with the corresponding subsets 
in M. The sets Fk(r,b) are coordinate patches of M with the coordinates (a^a;*) 
from above. 

Extend the orientation and metric from F := F(0, |) to the whole of M and 
endow TM with the Levi-Civita connection. In the following we identify TM and 
T*M. 
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F 2 (r, b) 



Figure 1 . The manifold M 



For r > and b < \ we define an open covering U(r,b) = {Uk}ke.J of M as 
follows. Let J be the union of 2/6 with a one-element set {♦}. For fc £ 2/6 let 
« fc := F k (r, b) and let := M \ F(r + 1,6/2). 

For r > let M r := M \ F(r,0). 

The connected components of dM are labelled <9fcM, A: G 2/6, in such a way 
that d k M n F fe (r, 6) C {x* = 0} and d k+1 M n F fe (r, 6) C {x^ = 1}. 

The manifold M can be embedded diffeomorphically into 1R 2 , even with a 
diffeomorphism that is an isometry on the complement of M r for some r > 0. The 
image of the embedding is illustrated by figure 1. 

Now we define the Dirac operator. Choose a spin structure on M and fix 
d € IN. Let £ be the spinor bundle endowed with the Levi-Civita connection and a 
parallel hermitian metric. Let E be the graded vector bundle S £g> ((C + ) d © (C~) d ). 
The hermitian metric on S and the standard hermitian product on (D d induce a 
hermitian metric (•, •) on E. 



1.2. THE FAMILY INDEX THEOREM 
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Furthermore there are connections on E and its dual E* induced by the Clifford 
connection on S and the de Rham differential. The Dirac operator associated to 
the Dirac bundle E is denoted by <j>E- 

The oriented orthonormal frames ((— 1) dx\, (— l) k dx\) of TM\ Fk ^ i) patch 
together to an oriented orthonormal frame (ei, e^) of TM\p. The Clifford multipli- 
cation c : TM — ► End E induces an even parallel endomorphism 

7 = c(e 2 )c(ei) : E\ F -> E\ F 

defining a skew-hermitian form 

E\ F xE\ F ^<D, (x,y)^{x,Iy) . 

Since the holonomy of TM\f is 47r2 (measured with respect to any trivialization 
of TM on the whole of M), there are nonvanishing parallel sections of S + \f and 
<S~|f- We choose a parallel unit section s of S + \f and fix once and for all the 
trivialization of E\p defined for ifFby 

E+ = S+ © (C + ) d © S~ ® (C~) d -» (C + ) d © (C+) d , 

(s(ir) © u) © (ic(ei)s(x) © w) i-> (t>, w) , 

and 

£T = 5" ® (C+) d © 5+ © (C~) d {<E-) d © (C~) d , 
(zc(ei)s(x) © v) © (s(a;) © u>) i— > («, tu) . 
With respect to this trivialization the endomorphism I\e+ corresponds to 

Io := ( j °. ) G M 2d (C) 

and to — 7o. 

1.2. The family index theorem 

In order to give a motivation for the definitions in the subsequent sections we 
sketch the corresponding family index theorem. The presentation follows BK . 

Let C 2d be endowed with the standard hermitian product ( , ) and the skew- 
hermitian form (x,y) i— > (x,Ioy). 

Let B be a compact space and let (Lq, Li, L2) be a triple of pairwise trans- 
verse Lagrangian subbundles of the trivial bundle B x (D 2d . For any b £ B the 
Lagrangian subspaces Li (b) C (D 2d define parallel Lagrangian subbundles of E + \f 
via the trivialization fixed in the previous section. 

Let D + {b) be the Dirac operator associated to E with 

dom-D+0) := {s £ C C °°(M, E + ) \ s(x) £ for x £ U S i+3 M, % = 0, 1,2} . 

It turns out that for any 6 6 £? the kernel and cokernel of the closure of D + (b) 
are finite dimensional and that the family {D + (b)}beB has a well-defined index in 
K°(B), which equals the generalized Maslov index of (Lq, Li, L%) defined as follows. 

The triple (Lq, Li, L2) induces a nondegenerate hermitian form h on Lq: Let 
v = Vi + v 2 , w = wi + W2 G Lo(b) with vi,wi £ Li(b); V2,w 2 £ L 2 (b), then 

h b (v,w) := (V2,l wi) . 
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The generalized Maslov index is the element [Lq] — [Lq] 6 K°(B) where Lq and 
Lq are subbundles of Lq with Lq © Lq — Lq and such that h is positive on Lq and 
negative on Lq . 

If B is a manifold and the bundles are smooth, then by a generalization of the 
Atiyah-Patodi-Singer index theorem the Chern character of the index bundle can 
be expressed in terms of reforms; the local term vanishes since ch(E/S) = 0. 

We outline the definition of the 77-forms. 

Let d be the differentiation operator on C°°([0, 1], C 2d ). 

For i ^ j and any b S B the operator Dj(b) := IqO with domain 

domDtib) := {se C°°([0, 1], C 2d ) | s(0) € L((6), s(l) € Lj(6)} 

is essentially selfadjoint and its closure has a bounded inverse on L 2 ([0, 1], C 2d ). 

There is a family of rescaled superconnections associated to the family of 
operators aDj, where a is a formal parameter of degree 1 with a 1 — 1. 

The ?7-form 

1 /"°° 
Jo 

with Tr,j(a + ab) :— Tr(a), is well-defined. 
The statement of the index theorem is: 

ch(indLi+) = [ V (L q ,L 1 )+ V (L 1 ,L 2 )+ V (L 2 ,Lq)} e H* dR (B) . 

1.3. The algebra of differential forms 

In this section we study the noncommutative analogues of the algebra Q*(B), 
the Chern character and the de Rham cohomology H^ R (B). 

1.3.1. The universal graded differential algebra. Let B be an involutivc 
locally m-convex Frechet algebra with unit. In particular, the multiplication B x 
B — * B, (a, b) 1—* ab is continuous, the group of invertible elements G\(B) in B is 
open and the map G\(B) — > G1(S), a 1— > a -1 is continuous |Maj . In this section 
we recall the definition of the topological universal graded differential algebra Cl*B 
and collect its main properties |Ka| |CQ| . 

We write ®^ for the completed projective tensor product. 

Let 

h k B:=B®* (®J(B/C)) 

and 

00 

Cub ■.= J[ n k B . 

k=0 

With the following structures Cl^B is an involutive Frechet locally m-convex graded 
differential algebra: 

Product: There is a graded continuous product on Cl*B defined for elementary 
tensors by 

fc 

{b Q ®bi®. . .®b k )(b k+l ®b k+2 ®- ..& n ) := ^(-l) fe_i (&oO&iO. ■ •®&j& ? -+i<8)&,-+2<8>- ■ ■ b n ) . 
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Differential: There is a continuous differential d of degree one on the graded 
algebra £l*B defined on elementary tensors by 

d(6 <g> b x <g> . . . <g> b k ) := 1 <g> b ® h <g> . . . <g> b k . 

It satisfies the graded Leibniz rule: For a £ tl k B and [3 e 

d(a(3) = (da)f3+(-l) k a(df3) . 

Furthermore in Ct k B 

b ® bi ® . . . <E> bk = b d b\ d 6 2 . . . d b k . 

If B is a Banach algebra, then d is a map of norm one. 

Involution: We extend the *-operation on B to a continuous involution on 
Cl*B by setting 

(6 ® &i ® • • • ® := (1 <8> &fc ® &fe_i ® ■ • ■ O 6J)65 

or equivalently 

{b db 1 Ab 2 ...db k y = (db* k db* k _ 1 ...db* 1 )b* . 

For u)\,u)2 € 0*2? 

(wiw 2 )* = ^wj , 

and for u> € f2fc23 

(da;)* = (-i) k d(iu*) . 

Let 

oo 

Cl< m B := Q*S/ [J n fe £ . 

fc— m+l 

The above structures are well-defined on f2< m Z? as well. 

We identify &< m B as a graded vector space with the subspace 

{uj e £l*B | w" = for n > to} C £l*B , 

where u n denotes the homogeneous part of degree n of uo e f2*B. 

The Frechet space f2*Z3] s , generated by the supercommutators in Cl^B, is 

preserved by d by Leibniz rule. It follows that (ti*B/{'tl*B, 0»B] S , d) is a complex. 

Definition 1.3.1. The de Rham homology of B is 

Hf R (B) := H«{Cl«B/[n«B,(l*B}s,d) ■ 

On the right hand side we take the topological homology, i.e. we quotient out the 
closure of the range of d in order to obtain a Hausdorff space. 

The map d induces maps d : (fi.B)" -> (fl*B) n and d : M n (£l*B) -» M n (fi»B), A 
d(A) by applying d componentwise. Note the difference between dA = do A and 
d(A). Sometimes we write (dA) for d(A). 

For A e M n {h k B) 

dA= (dA) + (-l) k Ad . 

The trace 

tr : M n (fi,iB) -» Q*B] S 
is defined by adding up the diagonal elements. It vanishes on supercommutators. 
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In the following definition and proposition a projection is not assumed to be 
selfadjoint. 

Definition 1.3.2. Let P g M n (B) be a projection. Then 

oo 

ch(P) := V(-l)' £ _trP(d(P)) 2fc S Cl,B/[Cl,B,Cl,B] s 
' k\ 

k=0 

is the Chern character form of P. 

Proposition 1.3.3. (1) The Chern character form is closed. 

(2) If P : [0, 1] — » M n (B) is a differentiable path of projections, then ch(Pi) — 
ch(Po) is exact. 

(3) If B is a local Banach algebra B]], then the Chern character form induces 
a homomorphism 

ch : K (B) H? R (B), ch([P] - [Q]) := ch(P) - ch(Q) , 

caiZed ffte Chern character. 

Proof. First note that for a projection P € M n (B) 

= d((l - P)P) = (1 - P)(dP) - (dP)P , 

hence (1 - P)(dP) = (dP)P and P(dP)P = 0. Therefore 

P(dP) 2 = (dP) 2 P . 

Analogous formulas hold for the derivative of a path of projections. 

(1) follows from 

dtrP(dP) 2k = tr(dP) 2fe+1 

= tr(l - P)(dP) 2fe+1 (l - P) + trP(dP) 2k+1 P 

= . 

(2) We have that 



(trP(dP) 2fe )' = trP'(dP) 2k +trP((dP) 

2fc-l 

= trP(dP) l (dP')(dP) : 



\2k-i— 1 
i=0 

For z even 

trP(dP) i (dP')(dP) 2fe - J - 1 

= tr(dP) l (d(PP'))(dP) 2fe - J - 1 - tr(dP) l (dP)P'(dP) 2fe -^ 1 

= tr(dP) l (d(PP'))(dP) 2fe - 1 - 1 

= dtrP(dP) i - 1 (d(PP'))(dP) 2A; - 1 - 1 . 

For i odd the argument is similar. 

(3) follows from (1) and (2). □ 
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1.3.2. Supercalculus. Let B be as before. 

In this section all spaces and tensor products are Z/2-graded. If no grading is 
specified we assume the grading to be trivial. 

Let V = V + © V~ be a Z/2-graded complex vector space with dim^ + = 
m, dim V~ = n and consider Cl^B as a 2/2-graded space with the grading induced 
by the form degree. 

The space V t&fl*B is a free Z/2-graded right (l^B-module. It is furthermore a 
left supcrmodule of the superalgebra End(V) ® £l*B. (Note that our setting differs 
from the corresponding one in |BGV| since we deal with right Cl*B- modules. This 
leads to different signs.) 

The supertrace tr s : End(V) — > C extends to a supertrace 

tr s : End(V) ® Cl*B -> £l*B/[£l*B, VL«B] S 

tr s (T®w) := tr s (T)w . 
By quotienting out the supercommutator we ensure that tr s ([Tx, Ta] a ) = for 
T U T 2 eEnd(F)®n*S. 

The differential d acts on elements of V <8> il^B resp. End(V) <£> il^B by 

d(A(g>u) = (-l) dosA A®dw 

for Ae^ resp. A € End ± (F) and weii.g. 

Though the differential d is not a right r2*£>-module map, the supercommutator 
[d, T] s with T £ End(V) Cl*B is in End(V) ® 0*B; namely 

[d,T] s = d(T) . 

Since tr s (^4 ® lj) = for A e End~(F), we have that 

tr s [d,T] s = tr,d(T) = dtr s T 

for T e End(V) ® 

See H5.2.3I M5.2.4I t|5.2.5l for notions of Hilbert-Schmidt operators, trace class 
operators and adjointable operators used in the following. 

If M is a complete Riemannian manifold and T is a trace class operator on 
L 2 {M,V <8> fi< M B), then 

Tr s T := / tr s i?(T)(x) e n< M B/[n< M B, ft< M S] s . 

J M 

Note that 

Tr s [A,B] s =0 

if A is an adjointable operator and B a trace class operator or if A, B are Hilbert- 
Schmidt operators. 

1.3.3. The algebras Aoo and fl^Aoo- Let (Aj, ■ Aj+i — > ^j)jeJN be 
a projective system of involutive Banach algebras with unit satisfying the following 
conditions (see |Lo3| . §2.1): 

• The algebra A := Ao is a C* -algebra. 

• For any j € INo the map tj+ij : Aj+i — > is injective. 

• For any j G INq the map Lj : _4oo := lim A\ — > has dense range. 
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• For any j E INo the algebra Aj is stable with respect to the holomorphic 
functional calculus in A. 

The projective limit Aoo is an involutive locally m-convex Frechet algebra with 
unit. 

The motivating example is Aj = C^(B) for a closed smooth manifold B. 

Proposition 1.3.4. For j e JN and n € IN we have: 

(1) The map tj : Aoo — * Aj is injective. 

(2) The algebras M n (Aoo) and M n (Aj) are stable with respect to the holomor- 
phic functional calculus in M n {A) . 

(3) The map to* • Kq(Aoo) — > Kq(A) is an isomorphism. 

Proof. (1) follows immediately. 

(2) follows from [Bo], Prop. A.2.2. 

(3) follows from [Bo], Th. A.2.1. □ 

The projective system (Aj, tj+i.j)je~!N Q induces two projective systems of invo- 
lutive graded differential Frechet algebras. 
One of them is given by the maps 

Furthermore (£l< m Aj) m j'eiN is a projective system of involutive Banach graded 
differential algebras. 

Their limits coincide: 

The inclusion Cl< m Aj — > f2*ylj is left inverse to the projection Cl*Aj — > 17< m vAj •. 
The induced maps between the projective limits are inverse to each other. It follows 
that 

limSXA, = hmf2< m A,- . 

j j,m 

Furthermore the inclusions ij t : tt*Aoo — ► ^*-4j induce a map 

j 

Proposition 1.3.5. There are the following canonical isomorphisms of invo- 
lutive Frechet locally m-convex graded differential algebras: 

(1) Q,*Aoc — Vun£l*Aj = \im.Cl< m Aj . 

There are the following canonical isomorphisms of graded Frechet spaces: 

(2) Q*Aoo / [^*^4oo j ^*^4oo] s = lim £l< m Aj /\Q<rnAj , r2<m^4^]g , 

(3) Ht R (Aoo) = \\™Hi R {A 3 ) ^ljmH*((l< m Aj/[£l< m Aj,n< m Aj] s ,d) . 

3 j,m 

Proof. (1) It is enough to prove that the right hand side and the left hand 
side are isomorphic as topological vector spaces. This follows from the fact that 
projective limits and projective tensor products commute ( |Ko| . 41.6). 

(2) and (3) follow from the three technical lemmas below. □ 

The importance of this proposition for our purposes is the following: Since the 
analysis is easier on Banach spaces than on Frechet spaces we will prove the index 
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theorem in H*(Q.< m Aj /\p.< m Aj, Cl< m Aj] s , d), making sure that the expressions in 
the index theorem behave well under the projective limit. By the proposition this 
will prove the index theorem in Hf R {Aoc). 

Lemma 1.3.6. Let (V n , f n +i,n : V n +\ — > V n ) n< =jN be a projective system of 
Banach spaces with projective limit . Let (A n , /n+i, n U n+ i)n6iN be a projective 
subsystem of sets such that for any n G IN the range of the induced map f n : Aoo := 
limA„ — > A n is dense in A n . Then 



lim A n = hm A n . 

n n 

Hence a subset S\ of Voo is dense in S2 C Voo if and only if f n S\ C V n is dense in 
f n S 2 C V n for any n G IN. 

PROOF. Without loss of generality we may assume that the maps f n +i, n have 
norm less than or equal to one. Let a G limA„. Then for any n G IN there is 

n 

K G -4oo with \f n (b n ) - f n (a)\ < \. The sequence (6 n )„ e iN converges in to a. 
Hence Aoo = lim A n . □ 

n 

Lemma 1.3.7. (1) Let (V n , f n +i,n)neiN, {W n ,g n+ i t „) ne ^ be projective sys- 
tems of Banach spaces. Let (d n : V n — ► W n ) n giN &e a morphism of projec- 
tive systems with induced map doo : Voo ~ * Woo- Then 

Ker cZoo = lim Ker d n . 

n 

(2) In the situation of (1) assume furthermore that the induced maps f n : 
Voo — » V n and g n : Woo — > W n have dense range for all n G IN. Then 



Randoo = lim Ran d n . 

n 

(3) Let (A n , / n +i,n)n£iN be a projective system of Banach algebras such that 
for any n G IN the range of f n : Aoo ■= hm^n — > A n is dense in A n . 

n 

Then 



[Aoo, Aoo] = lim[A n ,A n ] . 

n 

PROOF. (1) Let x G Kerdoo. Then d n f n (x) = g n doo{x) = 0. 
Conversely if d n f n x = for all n G IN, then by definition dooX = 0. 



(2) follows from the previous lemma since g n Rancid is dense in Rand„. 



(3) follows from the previous lemma since f n [Aoo, Aoo] is dense in L4„,^4„] for 
all n G IN. □ 

Lemma 1.3.8. Let (V n , f n +i,n)neJN be a projective system of Banach spaces and 
let (A n , /n+i,nU n+ i )neiN be a projective subsystem such that A n is a closed subspace 
ofV n for aline IN. 

Let Voo ■— hm V n and Aoo ■— lim^4„ and assume furthermore that the image 

n n 

of A n+ i is dense in A n for any n G IN. 
Then, canonically, 

Voo/Aoo=limV n /A n . 
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PROOF. For n e IN let /„ : Vac K be the induced map. We prove that the 

map 

foo ■ Voo/Aoo -> lim KM™ 

n 

is an isomorphism: 

For injectivity let [v] € V^o/Aoo with /oo[w] = 0. Then /„w e A„ for all n e IN, 
sod€ Aqo, thus [w] = 0. 

In order to prove surjectivity we assume that the norms of the maps f n +i,n are 
less than or equal to one, which can be obtained by rescaling the norms inductively. 

Let v £ lim V n /A n . Choose inductively v n <G V n such that [v n ] G V n /A n is the 

n 

image of v with respect to the map lim V n /A n — > V^/A n and such that 

n 

\fn+l,nV n +l - V n \ < rC 1 . 

(Here we use that f n +i,nA n +i is dense in A n .) 

For n > j let f n j : V n — > Vj be the induced map. For any j S IN the sequence 
{fn,j{v n ))n>j converges to an element Vj € Vj. We have that fj+i.jVj+i = Vj, hence 
there is an element v G Voc with fjv = Vj. Since [vj] — [vj] e Vj/Aj, we have that 
/oo[u] = v. 

□ 

1.4. Lagrangian projections 

Let A be a unital C* -algebra. 

In this section we define and study the analogues of Lagrangian subbundles 
and of the Maslov index bundle. 
Let n e IN. 

Definition 1.4.1. Two self adjoint projections P\, P% € M n (A) are called trans- 
verse if 

Ran Pi ffiRanP 2 = A n . 

We will often use the following transversality criterion: Two selfadjoint projec- 
tions Pi , P2 are transverse if and only there exist a, b € Gl(*4) such that aP\ + bP 2 € 
M n (A) is invertible. This is equivalent to the invertibility of aP\ + bP 2 for any 
a,beGl(A). 

If A = C(B) for a compact space B, then the transversality of two projections 
is equivalent to the transversality of the corresponding subbundles. 

1.4.1. Definition and properties. Let A 2n be endowed with the standard 
*4-valued scalar product and let 

Jo = ( J _° • ) : A n © A n -» A n © ^ n . 

Definition 1.4.2. ^ Lagrangian projection on „4 2n is a selfadjoint pro- 
jection P e M2n(A) with 

PI = I (1-P) . 

If A = C(B) for some compact space B, then the Lagrangian projections are 
in one-to-one correspondence with the subbundles of B x C 2n that are Lagrangian 
with respect to the skew-hermitian form induced by Iq. 
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Note furthermore that any Lagrangian projection P on A 2n is also a Lagrangian 
projection on the Hilbert M„(„4)-module M n (A) 2 . 
Denote 

if 1 1 



P — 

Lemma 1.4.3. (1) -For every Lagrangian projection P on A 2n there is a 

unitary p G M n {A) such that 

(2) for every Lagrangian projection P on A 2n the unitary 

wii/i p as in (1) fulfills UIq = IqU and UPU* = P s . 
Proof. (1) Since P is selfadjoint, there are a,b,c G M„(„4) with a = a*, c 
such that P = ( " 6 ] . From PI Q = I {1 - P) it follows that 



?a — ib \ / i(l — a) — ib 
ib* — ic J " V ib* - c) 

thus a = c=\. Furthermore from P 2 = P it follows that 26 is unitary. 

(2) is clear. □ 

Let Aoo be as in the previous section. 

Lemma 1.4.4. Let P G M2n{Aoo) be a Lagrangian projection of A 2n transverse 
to P s . Let P G Af2n(C) be a complex Lagrangian projection. Then for every 
< £\ < £2 there is a smooth path of unitaries U : [0,^2] — * M2 n (A 00 ) such that 

(1) u(o)Pu(oy = P, 

(2) U equals 1 on a neighborhood of £2, 

(3) U is constant on [0,£i], 

(4) U is diagonal with respect to the decomposition A 2n — A n ® A n . 
Note that (4) implies that UIq = I U. 

Proof. It is enough to prove the assertion for P = P s . 
For P let p be as in the previous lemma. 

Since P and P s are transverse, P — P s is invertible. It follows that p — 1 and 
p* — 1 are invertible, so logp and logp* are well-defined if we choose the complement 
of [0,oo) in C as a domain for the logarithm. 

Let x '■ [0,^2] — > [0, 1] be a smooth function with x|[o,ei] — an d x(*) — 1 f° r 
t G [ £2 2 " £l , £2}- The smooth path of unitaries 

7 : [0, £2] -> M n (A), 7 (t) := exp(2™ X (i) + (1 - %(*)) logp*) 

connects p* with 1. Moreover 7(4) G M„(.Aoo) for all i G [0, £2] since M n (Aoo) is 
stable under holomorphic function calculus in M n (A) by Prop. 11.3.41 
Then 

satisfies the conditions. _ 
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1.4.2. The Maslov index. Let (Po, Pi, P2) be a triple of pairwise transverse 
Lagrangian projections on A 2n . For a; £ A 2n write x = X1+X2 with x% £ RanP;, i — 
1,2. 

The form 

h : RanPo x RanPo — > A, (a;,?/) 1— > (12, Jojfl.) 
is hermitian and its radical vanishes Waj. Since x\ = Pi (Pi + P2)~ 1 ie and £2 = 
P 2 (P\ + P2) _1 a;, the corresponding selfadjoint matrix is 

A := P (Pi + P 2 )- 1 P 2 /oP (P + P 2 )" 1 Po G M 2n (.A) ■ 

Since 

A = P (P 1 +P 2 )- 1 P 2 I P 1 (Pi + P 2 )- 1 P 

= P (P + P 2 )~ 1 (Pi + P 2 )IPi(Pi + P 2 )" 1 (Po + P2) 

= (Po + Pi)/Pi(P + P 2 )- 1 (Po + P) , 

the range of A is closed. Hence the hermitian form h is non-singular and defines 
an element in Kq(A) Ros2 . 

Definition 1.4.5. The Maslov index t(P ,Pi,P 2 ) G K (A) of a triple of 
pairwise transverse Lagrangian projections (Po, Pi, P 2 ) is the class of the hermitian 
form h in Kq(A). 

We can express the Maslov index in terms of A as follows: 

r(P ,Pi,P 2 ) = [1 {X>0 }(A)} - [1 {X<0} (A)} £ K (A) . 

Note that the Maslov index is invariant under even permutations and changes sign 
under odd permutations. 

PROPOSITION 1.4.6. Let P l : [0, 1] — > M 2n (A), i = 0, 1,2, be continuous paths 
of Lagrangian projections such that Pi(t) — Pj(t) is invertible for i ^ j and all 
t£[0,l}. 

Then the Maslov index r(Po(t), Pi(t), P 2 (t)) does not depend on t. 

Proof. The selfadjoint element A(t) £ M 2n (A) defined by (P (t), Pi(t), P 2 (t)) 
as above depends continuously on t for all t £ [0, 1]. It follows that the projections 
l{x>o}(A(t)) and l{ x <o} (A(t)) also depend continuously on t, thus their i^-theory 
classes are constant. □ 

Let B be a compact space and let (Po,Pi,P2) be a triple of pairwise trans- 
verse Lagrangian projections in M 2n (C(B)). Let (Lq, Li, L 2 ) be the correspond- 
ing triple of Lagrangian subbundles of B x (D 2 ™. Then the Maslov index bundle 
[Lq] — [Lq] defined in HI. 21 corresponds to t(Pq, Pi, P 2 ) under the canonical isomor- 
phism K°(B) = K (C(B)). 

Now we study in some detail the Maslov index of a triple (Po,Pi,P2) with 
Po = P s . The general case can be reduced to this case by Lemma fl. 4 .31 

The Cayley transform a 1— > ^fj4, defined for selfadjoint a £ M n (A), yields a 
bijective map 

a+i 



/ ^ a+i \ 

P(a)--=k( s=i V 

\ a+i J 



from the space of selfadjoint elements in M n (A) to space of projections in M 2n (A) 
transverse to P,. 
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Lemma 1.4.7. Let a\ 1 a 2 € M n (A) be selfadjoint. Then P{ai) and P(d2) are 
transverse projections if and only if a\ — 02 is invertible. 

Proof. Let U := ^ ( j -1 ) ' Th<3n 

^(^ = (^+d- i (^ T) • 

Now P(ai) and P(a 2 ) are transverse if and only if 

(a? + l)UP( ai )U* - (a| + \)UP{a 2 )U* 
is invertible and this is the case if and only if a\ — a 2 is invertible. □ 

Lemma 1.4.8. Let {P S ^P\,P 2 ) be a triple of pairwise transverse Lagrangian 
projections and let 0.1,0,2 S M n (A) be such that Pi = P(a,i), i= 1,2. Let p + := 
l{z>o}( a i - 02)- 

(1) There are continuous paths P\,P 2 : [0,2] — > Af2„(-4) 0/ Lagrangian pro- 
jections such that P s , Pi(t), P 2 (t) are pairwise transverse for all t € [0, 2] 
and such that Pi (2) = P(2p+ - 1) and P 2 (2) = P(l - 2p+). 

(2) 

T(P s ,P 1 ,P 2 ) = \p + ]-[l-p+] . 

PROOF. (1) For t S [0, 1] define ai(t) := i(ai - a 2 ) + (1 - t)a\ and a 2 (i) := 
f(a2 — ai) + (1 — t)ct2- Then ai(i) — 0.2(f) = (1 + f)(ai — a 2 ) is invertible, thus 
the projections P(oi(f)) and P(a.2(i)) are transverse. Furthermore ai(0) — ai and 
oi(l) = ai — 02, whereas 02(0) = 02 and 02(1) = 02 — 01. 

For t £ [1, 2] let ai(t) be a path of invertible selfadjoint elements with ai(l) = 
ai — 02 and ai(2) = p + — (1 — p + ) and let 02(f) — — ai(f). 

Then the paths P(ai(f)) and P(a 2 (t)) satisfy the conditions. 

(2) From (1) and Prop. IT"4~5I it follows that t(P s ,Pi,P 2 ) = r(P s ,P(2p+ - 
l),P(l-2p+)). 

The Cayley transform of 2p + — 1 is i(2p + — 1). By computing the matrix A we 
see that l {x>0} (A) = p+ and l {x<0} (A) = (1 -p+). □ 
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The Fredholm Operator and Its Index 

2.1. The operator D on M 

2.1.1. Definition of D. Now we come back to the geometric situation de- 
scribed in til. II 

By taking the tensor product of the bundle E with the C* -algebra A we obtain 
an A- vector bundle |MFj . Furthermore we consider the bundle E® Cl^Ai, 
INo, of right f2< At ^4i-modules. Keep in mind that E can be trivialized on M via a 
global orthonormal frame. Thus no theory of Banach space bundles is needed in 
this context. 

The hermitian metric on E extends to an A- valued scalar product (•, •) on E®A 
and to an fi^./L-valued non-degenerated product on E ® S1< M A; (see M5.2.3I for 
this notion). Furthermore parallel transport is defined on E (g> A resp. E® fl^^Ai- 

By the trivialization of E\p fixed in ill .11 we identify (E\p ® A, I) x , x £ F, 
with (A 4d , Iq © (—Iq)) as a Hilbert „4-module with a skew-hermitian structure, and 
(E ® &<ij,Ai) x , x € F, with {Vl<^Ai) Ad as a right f2<p^-module with an fi< M ,4j- 
valued non-degenerated product. 

Recall that the Hilbert „4-module L 2 (M, E ® A) can be defined as the comple- 
tion of (M, E ® A) with respect to the norm induced by the A- valued scalar 
product 

(/,<?) := / (m,9(x)) dx. 

(For fixing notation a short introduction to Hilbert ,4-modules can be found in 
^5.1.11 ) By Prop. 15.1.181 any orthonormal basis of the Hilbert space L 2 (AI,E) is 
an orthonormal basis of L 2 {M, E® A) and L 2 (M, E eg) A) is isomorphic to I 2 (A). 

We introduce the Schwartz space of sections of E Cg) Cl^^Ai'. 
For k £ 2/6 define the Schwartz space 

S(Z k , (f2< M A) 4d ) := 5(H) ®„ C°°([0, 1], (tt<^) 4d ) • 

For r > 0, < b < j choose a partition of unity {<ftk}k£j subordinate to the 
covering U (r, b) . 

The embedding Fk(r,b) <—* Zk, k £ 2/6, and the trivialization of E\p induce 
a map 

C° {M,E®(l< il A i )^C° {Z h ,{h<^A i ) id )i f^4> k f . 
As a vector space let S(M, E eg Vl^Ai) be the largest subspace of C°°(M, E Cg) 
&<tiAi) such that for all k £ 2/6 the maps 

S(M, E ® f2< M A) -> 5(Z fe , (0< M A) 4d ), / ^ 0*/ 
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are well-defined. Endowed with the seminorms of C°°(M, E ® Cl^Ai) and those 
of S(Z k , {h< il Ai) id ) applied to 4> k f for k <G Z/6 the space S(M, E <g> &<^Ai) is a 
Frechet space. The topology does not depend on the choice of r and b, neither on 
the choice of the partition of unity. 

To a triple R = (Po,Pi,P 2 ) of Lagrangian projections of A 2d with Pi e 
M2d(Aoo), i = 0, 1, 2, we associate boundary conditions on sections of E <£> Sl^A 
in the following way: 

For k € N U {oo} let 

C k R (M, E ® Q^A) := {/ € C fe (M, P ® Q<^A) I (P © P)^/W = #s/(aO 

for x e d;M U <9 i+3 M, i = 0, 1, 2; Z e N , / < k} 

endowed with the subspace topology. 

Analogously we define C R0 (M, E <g> Cl^Ai) and C Rc (M, £ <g> ft^A)- 
Furthermore let S R (M, E <g> O^^) be the vector space <S(M, P <g> fi< M A) H 

C£?(M, E <g> fi< M A) with the subspace topology of 5(M, P <g> fi< M A)- 

Now we introduce the operator D: 

Fix a triple of pairwise transverse Lagrangian projections R = (Po,Vi,V 2 ) of 
A 2d with V l e M 2d (Ax>), i = 0, 1, 2. We define P on L 2 (M, P <g> A as the closure 
of the Dirac operator with domain C Rc (M,E ® A and P + resp. D~ as the 
restriction of D to the sections of E + ® „4 resp. P~ <g> A 

Note that P is symmetric. 



2.1.2. Comparison with D s . Recall that P s = 




G M 2d (<E) . 



Fix a triple of pairwise transverse Lagrangian projections (P(f,Pi, Pf) with 
P S = P s and Pf,PJ e M 2<i (<D). Let P s on L 2 (M,P <g> A) be the closure of the 
Dirac operator ^ £ with domain Cg c (M, P <g> A for the triple P = (P$, Pf,P|). 

Let VL e C°°(M, End+ P <g> Ac) be such that 

• WW* = 1, 

• W(x)(V t © P)VL(:r)* = (P? © P?) for all jc € 9,M U <9 4+3 M, t = 0, 1, 2, 

• W is parallel on M \ P and on a neighborhood of dM, 

• for all k G 2/6 the restriction of VL to Pfc(0, j) depends only on the 
coordinate x 2l 

• W commutes with the Clifford multiplication. 

Some of these properties are not needed in this section, but are important for 
the proof of the index theorem. 

Proposition 2.1.1. (1) We have that WDW* = D s + Wc{dW*) with 

c{dW*)\ F := c(e 2 )d e2 W* and c{dW*)\ M \ F ■= 0. In particular, Wc{dW*) € 
C°°(M, End _ P<g) Ax>)- 
(2) The operator D is regular and selfadjoint. 

PROOF. (1) For R = (Po,Pi s ,P|) and / e C™ R {M,E ® A) we have that 
(WDW*f)\ M \ F - (D s f)\ M \F and 

(WDW*f)\ F = (D s f)\ F + W[c(e 2 )d e2 ,W*} s (f\ F ) 
= (DJ)\ F + Wc(e 2 )(d e2 W*)(f\ F ) . 
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M2d(A) of the form I " , 1 with a,b £ Md{A) defines a parallel section of 



(2) The restriction of D s to the Hilbert space L 2 (M, E) is selfadjoint |BK| . Hence 
(1+Dg) has a bounded inverse on L 2 (M, E). It follows that the range of (1 + D 2 ) on 
L 2 (M, E® A) is dense, thus D s is regular. By an analogous argument the operators 
D s ±i have dense range. From Lemma f5. 1.1 51 it follows that D s is selfadjoint. 

By (1) the operator D is a bounded perturbation of D s , hence D is selfadjoint 
and regular (see Prop. 15.1.11(1 . □ 

The existence of a section W fulfilling the properties above is proved in the 
following lemma and proposition: 

Lemma 2.1.2. There is a parallel unitary section U £ C°° (M, End E + £g) Ax>) 
such that UV U* = = P s . 

PROOF. By the isomorphism E + ® A = S + ® (A + ) d © S~ (g) (A~) d any A £ 
a 

v b 
EndE+<E>A. 

By Lemma 11.4.31 there is a unitary U £ A'hdiAoo) of that form such that 
UV U* = V$ = P.. □ 

Proposition 2.1.3. For any < 6 < \ there is W € C°°(Af, End + E 1 ® .4^) 
wf/i t/ie properties above and such that W is parallel on {x £ M \ d(x, dM) > b}. 

Proof. By the previous lemma we may assume Vq — P s . 

In the following we identify dM x [0, b] with {x <E M \ d{x, dM) < b}. 

Since for i = 1,2 the projection Vi is transverse to P s , there are, by Lemma 
11.4.41 smooth paths W, : [0, b] — > M2d(-4oo) of unitaries with [Wi, Jq] = such that 
W / i(0)'PiW*(0) = V" and such that W% is equal to the identity in a neighborhood of 
b and constant on [0, |]. They induce maps Wi :=idxWi : (diMUd i+3 M) X [0, b] — > 
-^2d(^4oo)- The map 

U<(Wi © Wi) : 5M x [0, 6] -» M 4d (^oo) 

can be extended by 1 to a smooth section W £ C°°(M, End + E (g> ^loo). By con- 
struction W has the right properties. □ 

2.2. The operator £>/ on [0, 1] 

2.2.1. Definition and comparison with Dj^. Let d be the differentiation 
operator on [0, 1]. 

For a pair R = (Pq, P\) of transverse Lagrangian projections with Pj £ M2d(Aoo), 
j = 0, 1, and k £ INo U {oo} we define the function space 

c*([o,i],(n< M A) 2d ) 

:= {/ £ C k ([0, 1], (n<^A t ) 2d ) | P x (Iod) l f(x) = (I 8) l f(x) 
for x = 0,1; I £ IN , I < k} 
and endow it with the subspace topology. 

Given a pair (Pq, Pi) of transverse Lagrangian projections on A 2d we write Dj 
for the closure of the operator Iq8 on the Hilbert ,4-module L 2 ([0, 1], A 2d ) with 
domain C£P([0,1], ^ 2d ). 

We write D Is if (P , Pi) = (P s , 1 - P s ). 
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Proposition 2.2.1. Let (Po,Pi) be a pair of transverse Lagrangian projections 
with P , Pi £ M 2 d{Aoo)- Then for < xi < x 2 < I there isU £ C°°([0, l],M 2d (A>o)) 
such that 

(1) UU* = 1, 

(2) [// = hU, 

(3) (7(0)P C/(0)* =P S; 

(4) U(l)PiU{l)* = l-P s , 

(5) [/ is constant on [0, Xi] and on [x 2 ,l]. 

PROOF. By Lemma IT.4.31 there is a unitary f7 G M 2d (Aoo) with (7 /o = ^oC^o 
and UqPoUq = P s . Since UqPiUq is transverse to P s , we can apply Lemma H .4. 41 
to P = UqPiIIq and P = 1 — P s in order to get a smooth path of unitaries Ui : 
[0, 1] — > M 2 d(^4oo) such that [/(£) := U\{t)Uo has the right properties. □ 

Proposition 2.2.2. Lei (Po, Pi) 6e a pair of transverse Lagrangian projections 
of A 2d with Pq,Pi £ M 2 d{Aoo) arid let Dj be the associated operator. 

(1) Let U be as in the previous proposition. Then 

UDiU* =D Is +UI (dU*) 

with UIo(dU*) £ C°°([0,l],M 2(i (Ax>))- 

(2) The operator D[ is regular and selfadjoint. 

PROOF. (1) For / € C%([0, i\,A™) with R = (P s , 1 - P s ) we have: 
UDtU*f = UI a dU*f 

= D Is f + UI (dU*)f . 
(2) follows as in Prop. EH~H □ 

2.2.2. Generalized eigenspace decomposition. We construct a decompo- 
sition of L 2 ([0, 1], A 2d ) into free finitely generated .A-modules preserved by Dj. For 
d = 1 these can be understood as analogues of eigenspaces. 

Assume that the boundary conditions of D[ are given by a pair (Po, Pi) with 
Po = P s . For the general case use Lemma fl. 4 .31 

Let p £ M d {A) be such that Pi = \ 

The transversality of Po and Pi implies that 1 — p is invertible. Hence logp is 
defined for log : C \ [0, oo) -> <D. 

Lemma 2.2.3. Assume that d = 1. 
Then for k £ 7L the function 

fk(x) = 7a (( ) cx P[(- 2 " 1 °gP + 7rfc *) ;E ] + ( 1 ) ex P[(2" lo SP~ 

is in domDj and Djfk = \kfk with Afc := — ^ilogp — irk. 

The system {fk}ke~z is an orthonormal basis of the Hilbert A-module L 2 ([0, 1], A 2 ). 

Note that X k f k = f k X k and a(X k ) c] - 7rfc, — 7r(fc - 1)[. 

Proof. Clearly the system {f k } k £& is orthonormal in the sense of Def. 15.1.171 
In order to prove that these functions form a basis we first show that there is 
an orthogonal projection onto the closure of their span. This implies that the span 
is orthogonally complemented. The second step will be to see that the complement 
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is trivial. Then the claim follows from Prop. 15.1.181 

The system {ef(x) := v±e 27rllx }i e & t ± with v + := (1,0), w_ := (0,1) is an 
orthonormal basis of £ 2 ([0, l],A 2 ) by Prop. 15.1.181 
We have that 

(/ fe ,ef) = exp((=F^logp* T ^ki)x) exp{2irilx) dx 

J 

j_ ( (-l) fc exp( T |logp*)-l \ 

hence {(/fc, efjj^j S / 2 (»4) for all / G Z and for ±. Thus 

Pef :=^/ fc (/ fe , e ±) GL 2 ([0,1],^). 



The „4-linear extension of P to the algebraic span of the functions ef has norm 
one. It follows that its closure is an orthogonal projection 

P : L 2 ([0, 1],A 2 ) - span4{/ fc | k e Z} . 

It remains to show that the kernel of P is trivial. 

Let g = (si, 52 ) € L 2 ([0, l],^ 2 ) with (/ fe , 5 ) = for all fc e Z. 
Hence for all k G Z 

(*) / exp((— ilogp* — irki)x)gi(x) + exp((Alogp* + irki)x)g2(x) dx = . 
Jo 

Since exp(— |(logp*) x)gi(a;) is in L 2 ([0, 1], A), there is a unique {A/}/ e z € l 2 (A) 
such that 

^A ; e 2 ™ fa =exp(~i(logp*) x) 9l {x) . 

Inserting this in (*) and evaluating the integral for k even leads to 

Afe/2 + / exp((| logp* + Trki)x)g 2 (x)dx = . 
Jo 

It follows that 

exp(i(logp*) x)g 2 {x) =Y J i-h)^ Ux • 
Substituting again and evaluating (*) for k = 2v + 1 with v € Z we obtain 
= ^VAiCe^P-^-^'-e-^C-^-^da: 

Note that for every I e Z the function 

9 

a/ : Z — > (D, i/ i— > 



7Ti(2(Z - z/) - 1) 

is in Z 2 (C). We claim that {a;}/ e z is an orthonormal basis of Z 2 (C). Then {<z;}; e 2 
is an orthonormal basis of I 2 (A) as well, thus A; = for all I G Z and hence 
.gi = 52 = 0. 
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The Fourier transform of 

ciq : v 



iri{2v + 1) 



is 

h(x) = -ie-™{l %1/2] {x) - l]i/2,i]W) G i 2 (H/Z) . 

Since ai{v) — ao(V — I), the Fourier transform of a; is h(x)e~ 2mlx . 

By hh* = 1 the system {h(x)e~ 2ll ' llx }i^ is an orthonormal basis of L 2 (lR/Z). 
This implies that {a/}; e z is an orthonormal basis of Z 2 (C). □ 

For general d there is a decomposition of L 2 ([0, l]A 2d ) into modules of rank 

d: 

PROPOSITION 2.2.4. For k E 7L let U k C L 2 ([Q,l],A 2d ) be the right A-module 
spanned by the column vectors of 

1 / cxp[(— ~ logp + nki)x] 
V2\ exp[(ilogp- irki)x] 

Each Uk is a free right A-module of rank d and 



€ C oo ([0AlM 2dxd (A oo )) 
and 

L 2 ({0,l},A 2d ) = @U k . 



The sum is orthogonal. 

Furthermore Uk C dom Dj and for f G Uf. 

with Xk = —\i logp — uk. 

Proof. The projections Pq, P\ E M2d(A) are Lagrangian projections on Md(A) 2 
(see remark after Def. 11.4. 2fl . 

Let Di be the closure of I d on L 2 ([0, 1], M d (A) 2 ) with domain C£?([0, 1], M 2d (A)) 
with R = (Po,-fi)- Then Dj = (B d Di with respect to the decomposition as right 
Md(^4)-modules 

L 2 ([0,l],M d (A) 2 )=L 2 ([0,l],A 2d ) d 
induced by the decomposition of a matrix into its column vectors. 

By the previous proposition the Hilbert Md(.4)-module L 2 ([0, 1], Md(A) 2 ) has 
an orthonormal basis {/fc}fcgz such that 

Dlh = ( 0* A* ) h ■ 

For k € Z let P k be the orthogonal projection onto the span of fk in_L 2 ([0, 1], Md(A) 2 ). 
It is diagonal with respect to the decomposition L 2 ([0, 1], M d (A) 2 ) = L 2 ([0, 1], A 2d ) d . 
Hence 

L 2 ([0, l], A 2d ) = @P k L 2 ([0,1], A 2d ) . 

The assertion follows now since PkL 2 ([0, 1], A 2d ) = Uk- The module Uk is free since 
exp[(— i logp + irki)x] is invertible in Md{A) for all x G [0, 1]. □ 

Corollary 2.2.5. Let A e C. The operator Dj — A has a bounded inverse on 
L 2 ([0,l],A 2d ) if and only z/exp(2iA) £ a(p). 
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PROOF. By the previous proposition (Di — A)\u k is invertible if and only if 
e 2iA ^ c(p). Furthermore for A with e 2lA ^ er(p) the inverse of (Di — X)\u k is 
uniformly bounded in k. Hence the closure of ffifc(P/j — X)\u k has a bounded inverse 
by Cor. 15.1.201 In particular the closure of ffifcP/|;y fc is selfadjoint. Since Dj is 
a selfadjoint extension of ffifcPj ![/,., it follows that Di is the closure of (BkDi\u k - 
Hence Dj — A has a bounded inverse if exp(2zA) ^ <r(p). Q 

2.3. The operator Dz on the cylinder 

Let X = H, IR/Z. Endow X x [0, 1] with the euclidean metric and a spin 
structure and let (x\ , x 2 ) be the euclidian coordinates of X x [0, 1] . Let S = S + (BS~ 
be the spinor bundle on X x [0, 1] endowed with the Levi-Civita connection and a 
parallel metric. Then S (g) ((A + ) d © (A~) d ) is Dirac bundle on X x [0, 1] with the 
,4-valued scalar product induced by the hcrmitian metric on 5* and the standard 
A- valued scalar product on A d . Let (j>z be the associated Dirac operator. 

We choose a parallel unit section s of S + and identify S © ((A + ) d © (A~) d ) 
with the trivial bundle {X x [0, 1]) x ((A + ) 2d © („4~) 2d ) via the isomorphisms 

S+ © (.4+) d © S" <8> (yT) d -> (-4+) d © (-4+) d , 

(s(a;) © u) © (ic(dxi)s(x) © uj) 1— > (u, w) , 

and 

S~ © (.A+) d © 5+ © -> © (yT) d , 

(ic(dxi)s(x) © w) © (s(x) © uj) ^ (u, «;) . 

for a; G X x [0,1]. 

Let / := c(dx 2 )c(dx 1 ) = I © (-io). Then 

= cfdxi)^! + /<9 X2 ) . 

Given a pair (Pq, Pi) of transverse Lagrangian projections of A 2d with Pj G M2d(A») 
we define to be the closure of c/lz with domain 

{/GC c °°(Xx [0,1], .4^) I {P i ®P i )f(x,i) = f(x,i)forallx£X, i = 0,l} 

on the Hilbcrt Amodule L 2 (X x [0, l],-4 4d ). 

We write H(Dz) for the Hilbert „4-module whose underlying right ^4-module 
is domDz and whose A- valued scalar product is (f,g)D z = (/iS) + (Dzf,Dzg) 
(see ffTOI) . 

Proposition 2.3.1. (1) The operator D z is selfadjoint on L 2 (lx[0, 1], A 4d ) 

and has a bounded inverse. 
(2) If X = R/Z, then the inclusion 1 : H(D Z ) -> L 2 (IR/Z x [0,1], .4 4d ) is 
compact. 

Proof. The proof is analogous to the family case BK|. 

(1) By Lemma ri.4.3l we may assume Po = P s . Recall from Prop. I2.2.4l that the 

operator P// with boundary conditions (Po,Pi) induces a decomposition 

L 2 ([O,l],(^+) 2d ) = 0P ; 
such that for each I G 2 there is A; G Md(.4) with 



A, 






A, 



/ for feUi. 
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We define submodules Ui, + := Ui and £//,_ := ic(dxi)Ui of L 2 ([0, l],A 4d ). Then 

($(U L+ ®U^)L 2 (X) 

is dense in L 2 (X x [0,1], A 4d ). 

First consider the case X = JR: 

For I 6 Z let 9z,± be the closure of the unbounded operator (d Xl ± A;) on 
U^±L 2 (TR) with domain Ui t ±S(M) and let d e be the closure of c(da;i)(0 ;eZ ± 9i,±) ■ 
The operator Dz is an extension of d e . 

We claim that d e has a bounded inverse on L 2 (1R x [0, l],A 4d ). 
The Fourier transform on L 2 (1R) induces an automorphism on Ui t ±L 2 (Si). Con- 
jugation by it transforms di,± into multiplication by 



%X\ ± 



Xi 
A, 



Since cr(Aj) C H*, we see that the operator di^± has a bounded inverse and the 
norm of the inverse tends to zero for I — > ±oo. By Cor. 15.1.201 it follows that the 
closure of (Bj.iC^i has a bounded inverse. 

Hence the operator d e has a bounded inverse as well. In particular it is selfad- 
joint, thus Dz = d e . For X = TR the assertion follows. 

If X = K/Z, then the spaces J7; ! ±L 2 (IR/Z) decompose further into a direct 

sum 

E/,, ± L 2 (B/Z) = V kl ,± 

with V k i.± ■= e 2mkxl Ui y ±. Note that V kL ± is isomorphic to A d as a Hilbert .4- 
module. 

Let dki,± & B(Vki,±) be defined by 



and let c\ be the closure of c(dxi)(® fe ; ± d k i,±) ■ 
The operator is an extension of <9 e . 

Since \(2irik± Ai) _1 | tends to zero for k,l — > ±oo, the closure of ©jw,±9jw ± has 
a compact inverse by Cor. I5.1.2UI and hence d e has a compact inverse as well. 
Now (1) follows as above. 

(2) follows from the compactness of D^ 1 for X = H/Z since i = D^Dz ■ 
H(D Z )^ L 2 (1R/Z.x [0,1], A 4d ). " ' □ 

2.4. The index of D+ 

Recall from t l2.1.1l that the boundary conditions of D were defined by a triple 
R = (Vo,T > i,V2) ■ For an open precompact subset U of M we define Hft Q (U, E®A) 
to be the closure of C%.(U, E®A)vsx H(D) (see H5.1.3l for the definition of H(D)). 

Note that H(D) is isomorphic to l 2 (A) as a Hilbert yl-module, since L 2 (M, E® 
A) is isomorphic to l 2 (A) and since L 2 (M,E ® ^4) and H{D) are isomorphic by 
Lemma 15.1.101 

Lemma 2.4.1. TTie inclusion i : iJjj (M r , ® .4) -> L 2 (M, E 1 ® .4), r > 0, is 
compact. 
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Proof. Let V := {Vk}keL be an open covering of M r such that the index set 
L is a finite subset of IN with 1 6 L and such that: 

. Vx = M\F(r,\); 

• for k > 1 there is an isometry T4 =]0, ^ [x [0, i[. In particular Vfe is in the 
flat region and has exactly one boundary component. 

First we prove that the maps L k : H^ (Vk, E®A)^ L 2 (Vk, E®A) are compact 
for all k € L. 

The compactness of t.\ follows from the Sobolev embedding theorem ( MF , 
Lemma 3.3). 

For k ^ 1 let i € {0, 1, 2} be such that dV k C (ftMUft^M) and set P k := V x . 
Let Dk be the operator Dz on the bundle (IR/2 x [0, 1]) x A 4d with boundary 
conditions given by the pair (P&, 1 — Pk)- 

The map ik is compact since it factors through the map H(D k ) — > L 2 (IR/2 x 
[0, l],yl 4d ), which is compact by Prop. 12.3.11 

Let {<fik}keL be a smooth partition of unity subordinate to the covering V such 

that d e2 4>k{x) — for all x <E dM and k 6 L . Multiplication with cf>k is a bounded 

map from H]^ a (M r ,E®A) to H^ (Vk, E A), hence by i — J2 tk<fik, the inclusion 

fcei 

t is compact. □ 
Let H(D) + be the subspace of H(D) of homogeneous elements of degree zero. 
Proposition 2.4.2. The operator 

D+ : H(D)+ -> L 2 (M , E~ <g> .4) 

is a Fredholm operator. 

Proof. By constructing a parametrix for D + we show that D + is Fredholm 
(see Prop. 15.1.40 . 

The construction of the parametrix is analogous to the construction in the 
family case BK|: 

Choose a smooth partition of unity {4>k}k£j subordinate to the covering U(0, |) 
(defined in m.lfl and a system of smooth functions {"fk}ke J on M such that for all 

k e J 

• supp7fc C Uk and 7 fc fe = 4> k , 

• d e2 jk{x) — d e2 (j)k{x) — for all x € dM. 

For k G Z/6 let D Zfc be the operator defined in Qon L 2 (Z fc ,„4 4d ) with 
boundary conditions given by (Pfcmod3 7 ^(fe+i) mods)- By Prop. 12.3. H it is invertible. 
Let 

Q fc := D^ 1 : L 2 (Z k ,A id ) - H(DzJ . 

Since the symbol of D is elliptic and since is precompact, there is a parametrix 
Q* : L 2 {U*,E®A) -> f#(Z<», B®^) such that 7 *(£>Q* - 1)^* resp. 7 *(Q*-D" 
l)<fo is compact on £ 2 (W*, £7 ® .4) resp. #o(W#, E ® A) MF]. Furthermore 
can be chosen to be an odd operator. 

We claim that 

fcGJ 

is a parametrix of D. Then it follows that Q~ : L 2 (M,E~ ® A) ^ H(D) + is a 
parametrix of D + . 
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In the following calculations the operators Dz k and the restriction of D to Uk 
are denoted by D as well. Let ~ denote equality up to compact operators. 
On L 2 {M,E® A) 

DQ-1 = ^[D, lk ]Q k ^k + ^lkDQ k (l>k-l 
fee J fee J 

~ X! c ( d 1k)Qk(/>k ■ 

feej 

Since c(dj k )Q k cf)k is bounded from L 2 (M, E(g>A) to ffi, (M r , E(g>A) with r > 
big enough, it is a compact operator on L 2 (M, E®A) by the previous lemma. Hence 
DQ — 1 is compact. 

On H(D) 

QD-i = ^7fcQfc[A^fc] + ^7fcQfc£><^-i 

fcej ke.J 

~ 2j7fcQfc c (#fc) ■ 
feeJ 

Here c{d<f>k) ■ H{D) — > L 2 (U k ,E ® .4) is a compact operator by the previous 
lemma since suppc(d0fe) is compact. Moreover 7feQfc : L 2 (U k ,E ® A) — > is 
bounded, hence Q£> — 1 : H{D) — > H(D) is compact. □ 

Lemma 2.4.3. Let P 0l Pi 1 P 2 : [0,1] — » M 2 d(*4) 6e continuous paths of La- 
grangian projections and assume that Po(t), P\(t), P 2 {t) are pairwise transverse for 
each t £ [0, 1]. Let = (P (t), Pi(f), P 2 (t)). FFe de/ine D(t) to 6e i/ie closure of 
$ E on L 2 (M, E® A) with domain CS t)c (M, ® .4). 

Let mdD(t) + be the index of the Fredholm operator D(t) + : H(D{t)) + — > 
L 2 (M,£®.4). 

Tften 

indL>(0) + = indD(l) + G #o(-A) . 

PROOF. There is a continuous path of unitaries [0,1] — > C°°(M, End ® 
.A), 1 1-> Wf, such that W t D(i)+W t * = D+ + W t c(dW t *). The family 

Df + W t c{dW*) : H{D S )+ -> L 2 (M, £T ® A) 

is a continuous path of Fredholm operators, thus ind WqD(Q) + Wq = ind W\D(\) + Wi 
by Prop. 15X71 □ 

Proposition 2.4.4. The index of D+ : H(D)+ -> L 2 (M, E~ ® A) is 

indD+ =T(V ,V 1 ,V 2 )eK (A) . 

Proof. The argument is analogous to the one in BK . 
By Lemma 12.1.21 we may assume Vq = P s . 

Let a,j := i Pj .'t\ € M2d(A). Then Vj = P{a,j), j = 1,2, in the notation of 
JTO . 

Let p+ := l{ z >o } (a i - a 2 ). 
From Lemma fl .4.81 it follows that 

t{V ,Vi,V 2 ) = [p + ] - [1-P + ] G Ko(-A) 



2.5. A PERTURBATION WITH CLOSED RANGE 
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and that there are continuous paths Pi, P 2 : [0, 2] — > M 2( z(*4) of Lagrangian projec- 
tions with P,(0) = Vj, j = 1, 2, with P x (2) = P(2p+ - 1) and P 2 (2) = P(l - 2p+) 
and such that P s , Pi(t), P 2 (i) are pairwise transverse for all t G [0, 2]. 

For t G [0, 2] let D(t) be the Dirac operator on L 2 (M, E (£> A) whose boundary 
conditions are given by the triple (P s , Pi(t), P 2 (i)). The previous lemma implies 
that indL>(0)+ = ind£>(2)+. 

We show that the index of D(2) + equals [p + ] — [1 — p + }: 

Let Q = \ ( \ \ ) G M 2 (<D), Qi = | ( J ^ ) and Q 2 = \ ( j 
Then 

and 



Pi (2) = (Qi ® V + ) © (Q2 <8 (1 -P + )) 



P 2 (2) = (Q 2 © (Qi (8 (1 -p+)) 

with respect to the decomposition 

<g> .4 = (5 ® pU n ) ffi (5 ® (1 - p + )A n ) . 

The Dirac operator respects the decomposition. By BK the Dirac operator as- 
sociated to the bundle S <8 (C + © C~) has index 1 if the boundary conditions are 
given by the triple (Qo,Qi,Q2), and index —1 if they are are given by (Qo, Q2, Qi)- 
It follows that 

indL>(2) + = [p+] - [1 . 

□ 



2.5. A perturbation with closed range 

Imitating the construction in BGV , §9.5, we define a perturbation of D by 
a compact operator in order to obtain an operator with closed range. Then we 
can express the index of D + in terms of the kernel and cokernel of the perturbed 
operator. 

Choose an orthonormal basis {V'ijieiN C L 2 (M, E~ ) such that ipi G (M, E~) 
and suppi/'i C M \ dM for all i G IN. By Prop. 15.1 .181 this is an orthonormal basis 
of L 2 (M,E~ ®A) as well. 

Since D + is a Fredholm operator, there is a projective A- module P c L 2 (M, E~® 
A) and a closed Amodule Q C RanL>+ such that P®Q = L 2 (M, E~ ® A). By 
Prop. 15.1.211 there is TV G IN such that L/v := span4{?/>i | i = 1, ... ,7V} fulfills 

+ P = L 2 (A/, £7~ ® -4) . In particular it follows that 

Lj^ + RanL»+ = L 2 {M, E~ ® A) . 

Let M' :— M U * be the disjoint union of M and one isolated point. Let E' + 
be the hermitian vector bundle E + U (* x (D - ^) on M', where we endow (D - ^ with 
the standard hermitian product. Let E'~ be the hermitian bundle E~ U (* x {0}) 
and let E' = E' + E'~ . Extend D by zero to a selfadjoint odd operator D' on 
£ 2 (Af',£;'®.4). 

As D is regular, 13' is regular as well. 

Furthermore D' : H(D') -> L 2 (M', E' <g> A) is a, Fredholm operator and 
mdD' + = indD + + [A*] . 
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We extend the standard basis of <D by zero to a system {ek}k=i,...js of sections 
of E' + and define a compact selfadjoint odd operator K on L 2 (M', E' <S> A) by 

k=l 

Set D{p):=D' + p# for p e JR. Then 

indZ?(p)+ = mdZ>' + = indD+ + [A H ] . 
Furthermore D{p) is regular by Prop. 15.1.111 

By construction D(p) + is surjective for p ^ 0. Hence by Prop. 15.1.131 and 
Prop. 15.1. Gi fts kernel is a projective submodulc of H(D') + and the kernel of D(p)~ 
is trivial. 

Hence: 

Proposition 2.5.1. For p G 1R the operator D{p) + is a Fredholm operator 
with index independent of p. For p =/= 

mdD+ = ind D{p)+ - [A M ] = [Ker D(p)] - [A M ] . 

From now on we write D, E, M for D' , E', M' and we extend the operator D s 
by zero to the new manifold M. Furthermore we redefine the open covering U(r, b) 
from Hl.ll bv including the isolated point in the set Uj,. 



CHAPTER 3 



Heat Semigroups and Kernels 

3.1. Complex heat kernels 

In this section we collect some properties of the heat kernels associated to 
the operators Dj s and D s , which were defined in M2.2.1l and ^2.1.21 and prove some 
technical lemmas for further reference. The results are proved by applying standard 
methods of the theory of partial differential equations to the particular geometric 
situation. The reader might skip this section at first reading. 

3.1.1. The heat kernel of e~ tD '= . Since D Is is selfadjoint on i 2 ([0, 1], <C 2d ), 
the operator —D 2 generates a semigroup e~ tDl ^ on £ 2 ([0, 1], C 2d ). In this section 
we determine the corresponding family of integral kernels by using the method of 
images (see |Ta| . Ch. 3, §7) and study its properties. 

The space L 2 ([0, 1], (D 2d ) decomposes into an orthogonal sum 

L 2 ([0, 1], P s <C 2d ) 8 L 2 {[0, 1], (1 - P s )<C 2d ) 

and the semigroup e~ tDl = is diagonal with respect to this decomposition. 
We define an embedding 

" : L 2 ([0, 1], <C 2d ) -> L 2 (H/4Z, <C 2d ) 

by requiring that ~ is a right inverse of the map 

L 2 (H/4Z, <C 2d ) -> L 2 ([0, 1], C 2d ), / ^ f\ m 

and that the image of L 2 ([0, 1], P s <C 2d ) resp. L 2 ([0,1],(1 - P s )<D 2d ) consists of 
functions that are even resp. odd with respect to y = and y = 2 and odd resp. 
even with respect to y — 1 and y = 3. 

Then ~ maps C%([0, 1], C 2d ) with R=(P s ,l- P s ) into C°°(1R/4Z, C 2d ) since 

Cf([o, i], c 2d ) = cf°([o, i],p s <c 2d ) e c r °°([o, 1], (1 - p s )<c 2d ) . 

Here 

q oo ([0,i],p s c 2<1 ) 

:= {/ e c°°([o, l], p s c 2d ) I (id) 2k f(i) = o, ( 8 3) 2fc+1 /(o) = o Vfc e in } 

and 

C r °°([0,l],(l-P s )<D 2d ) 

:= {/ e C°°([0, 1], (1 - P s )C 2rf ) | (id) 2k f(0) = 0, (t0) afc+1 /(l) = Vfc e INo} . 
The scalar heat kernel of e td2 on H/4Z is 

_ 1 X — (x-y + 4k) 2 

H(t, x, y) = (47rf) 2 2^ e 4t 
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For / G L 2 {[0, 1], (1 - P s )<C 2d ) and x G [0, 1] 
(e- tD lf)(x) = (e ta2 f)(x) 



1 ,2 

H{t,x,y)f(y)dy + J H(t,x,y)f(2 ~ y)dy 

3 p4 

H(t,x,y)(-f(y-2))dy + J H(t,x,y)(-f(i- y))dy . 

It follows that the action of e~ t£l ^ on the space L 2 ([0, 1], (1 - P s )C 2d ) is given by 
the scalar integral kernel 

{x, y) i * H{t, x, y) + H(t, x,2-y)- H(t, x,y + 2)- H(t, x, 4 - y) . 

Analogously we conclude that the action of e~ tDl s restricted to L 2 ([0, 1], P s <C 2d ) is 
given by the integral kernel 

Or, y) i ^ H(t, x, y) - H{t, x,2-y)- H(t, x,y + 2)+ H(t, x, 4 - y) . 

This yields the integral kernel k t of e~ tD '° . 

In the following we write C|?([0, 1], M2d( < C)) for the space of functions in 
C°°([0, 1], M 2d ((D)) with column vectors in C£?([0, 1], <C 2d ). 

Lemma 3.1.1. The map 

(0,oo)^C°°([0,l],Cf ([0,l],M 2d (C))), t^(y^k t (;y)) , 

is smooth. 

Forcp, tp G C°°([0, 1]) with supp0nsupp-0 = the map 1 1— >• (y i— *■ (j){-)ht (•, y)^{y)) 
can be extended by zero to a smooth map from [0, oo) to C°°([0, 1], C|?([0, 1], M2d{^)))- 

Proof. This follows from the corresponding properties of H . □ 

Lemma 3.1.2. Let m,n € INq. TTien t/iere is C > smc/i that for all x, y G [0, 1] 



(•/// 



d allt> 



\d™d"k t (x )V )\ < C(l+r 22 ^ ±i ) e -^ 



Proof. The assertion follows from the explicit formula of if above. When 
estimating the derivatives we take into account that for all m G IN the function 

(x, y, t) i— > ^ x ~ t „ — e~ ' J?" can be continuously extended by zero to t = 0. □ 

3.1.2. The heat kernel of e~ tD s. The operator Z? s is selfadjoint on the 
Hilbert space L 2 (M,E). Hence — D 2 generates a semigroup on L 2 (M,E). In this 
section we prove the existence of the integral kernel of e~ tD ° and study its proper- 
ties. 

In parallel we study the semigroup e~ tDz on L 2 (Z, C 4<i ) where Z = TR x [0, 1] 
and Dz is the operator defined in H2.3I Here we assume that the boundary con- 
ditions are given by a pair (Po,Pi) with Po,Pi G M2d((D). Then Dz is selfadjoint 
on L 2 (Z, C 4d ). We will compare e~ tD = on the cylindric ends with e~ tDz with ap- 
propriate boundary conditions in order to get estimates for the integral kernel of 



e -tDi 



Since the proofs are standard, they are only sketched here. 

Recall that a solution u : IR — > dom D s of the initial- value problem 

^-u(t) = iD s u(t), u(0) = f 
dt 
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with / £ Cft c (M, E) is unique by an energy estimate. An analogous statement 
holds for a solution of the corresponding problem for Dz- 

Lemma 3.1.3. Iff £ C% C (M,E), then d(x, supp /) < \t\ for any x£ supp(e 1 *^/). 
An analogous result holds for Dz on L 2 (Z 7 <C 4d ). 

This property is called "finite propagation speed property" . 

Proof. The proof relies on a cutting-and-pasting argument. 

For j £ Z/6 let Vj := {x £ M \ d(x, djM) < |} and let W := M \ dM. These 
sets define an open covering of M. We show that the finite propagation speed 
property holds on these sets for small times. From this we conclude that it holds 
on M for all times. 

By an oriented isometry we identify Vj with {0 < X2 < j} C 1R 2 . Recall that 
E\y. was identified with the trivial bundle with fiber C 4d in Ml. II 

The restriction of $e to Vj extends to a translation invariant differential oper- 
ator : C c °°(lR 2 ,C 4<i ) -> L 2 (IR 2 , C 4d ). Let D M 2 be the closure of 3 U 2. 

We define an embedding 

~ : C% c (Vj, C 4d ) ^ C C °°(1R 2 , C 4d ) 
intertwining the operators D s and D^ using the method of images similar to 

mm 

Recall that the triple defining the boundary conditions of D s was denoted by 

cr{v 3 ,v° mod ^ 2d ) 

:= {/ G C™(Vj,V? iaoda <D 2d ) I {df 2 +1 f){x) = 0, Vfc G ]N , G djM} 

and 

C r 00 (y j ,(l-^ mod3 )C 2rf ) 

:= {/ G C?(Vj, (1 - V° mod3 )<C 2d ) I {dfj){x) = 0, Vfc G INo, Vx G fl,M} . 

Then (7jg,(V^,2? + ) and Cjg,(V/, -E 1- ) decompose into a direct sum 

cr(v^v; mod3 € 2d ) © c~(v}, (1 - 7>; mod3 )c 2d ) . 

For / £ Cr(Vj,V? mod3 C 2d ) resp. / £ C™(Vj, (1 - V^ mod3 )<C 2d ) we define / 
by first extending / by zero to the half plane {X2 > 0} and then reflecting such 
that / is even resp. odd with respect to {x 2 = 0}. 

For £> ]R 2 the finite propagation speed property holds. Hence the assertion of 
the lemma holds for all / G C%.(Vj,E) with supp / C {x £ M | d(x,djM) < ^} 
and for \t\ < A. 

For / G C™(W,E) with supp / C {x £ M \ d(x,dM) > ^} and for \t\ < i 
the assertion holds by the standard theory of hyperbolic equations on open subsets 
of 1R 2 . 

Since every / G (M, E) can be written as / = fw + fo + ■ ■ • /s with fw £ 
C™{W,E) and fj £ C%.(Vj,E), the assertion holds for every / G C£° (M, E) and 
for \t\ < and by the group property of e ltDs it follows for all t £ 1R. 

The proof for Dz is analogous. □ 
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For k 6 INo let H k (<C, D s ) be the Hilbert space whose underlying vector space 
is dom D k and whose scalar product is given by 

(f,g) Hk := ((1 + D 2 ^f,(l + D 2 )^g) . 
Define H k (<C, Dz) analogously. 

Lemma 3.1.4. Let k e IN, k > 2. 

(1) There is an embedding H k (<C, D z ) -> C k - 2 (Z, <C id ). 

(2) There is an embedding H k (<D,D s ) -> C k - 2 (M,E). 

Proof. We sketch the proof of (2), the proof of (1) is analogous. 
Let D^2 be as in the previous proof. 

For fixed r > the constants in the Garding inequality for the elliptic operator 
(1 + D 2 1{2 ) k on balls B r (x), x £ JR 2 , can be chosen independent of x. 

For j e 2/6 the embedding C% c (V j: E) ^ C C °°(1R 2 , C 4d ) defined in the previous 
proof intertwines the Dirac operators D s on C^(Vj, E) and -Djr* on C£°(IR 2 , C 4rf ). 
Hence the Garding inequality for the operator (1 + D 2 ) k on balls Bi/ S (x) C M with 
x G dM holds with constants independent of x. 

For r > fixed and small enough we can also find global constants for the 
Garding inequality for (1 + D 2 ) k on balls B r (x) C M with B r (x) n dM = since 
M is of bounded geometry. 

Then the assertion follows from the Sobolcv embedding theorem. □ 

Corollary 3.1.5. The operators e - tD z on L 2 (Z, <C 4d ) and e" tD ' on L 2 (M, E) 
are integral operators with smooth integral kernels. 

Proof. This follows from the previous two lemmas (see |Ro] . Lemma 5.6). □ 

Lemma 3.1.6. Let f : [0, oo) x [0, oo) — > ]R be a function and assume that for 
every e, S > there is C > such that for all r > e and t > 

(r-e/2) 2 

f(r,t) < Ce I^W . 
Then for all e, S > there is C > such that for all r > e and t > 

f(r,t) < Ce~T*W)t . 
Proof. Choose < a < 1 with }r<°j~ > ttt and let m > -. 

4+0/2 4+o a 

Then there is C > such that for all r > e and t > 

(r-e/m) 2 

It follows that 

f(r,t) < Ce~ (4 + 4'/2)t e (4+5/2)t r"' + ™ , e _ (4 + S/2)t 
r 2 

< Ce~^+^ . 

In the last step we used the fact that r^jwq (~ Qr + < for r > e. □ 

Lemma 3.1.7. Let N be closed manifold resp. let N — M, Z. If N is a closed 
manifold, let Ejy be a Dirac bundle on N and let Dpj be the associated Dirac 
operator. If N = M resp. N = Z, then let En = E resp. En = Z x C 4d and let 
Dn = D s resp. Dn = Dz- Let k t be the integral kernel of e~ tL>N . 
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For every e, S > there is C > such that for all t > 0, r > e and x £ N 

\k t (x,y)\ 2 dy < Ce~TZTsyt . 



IN\B r (x) 

Analogous estimates hold for the partial derivatives in x and y with respect to 
unit vector fields on N. 



Proof. Let k e 2IN with k > 



dim N 
2 - 

12 



LetSfoe) :={ueC™(B s (x),E N ) \ ||(1 + D%)~%u\\ < 1}. 
Then by the Sobolev embedding theorem resp. by Lemma \'S . 1 . 41 there is C > 
such that for all x € iV, t > and r > e 



|fc t (x,y)|^2/<C sup ||e- f ^ M |j z N \ Br{x) . 

N\B r (x) ueS(x,e/2) 

By a standard argument using the finite propagation speed property of Dn (see 
the proof of jCGTj . Prop. 1.1) it follows that 



\k t (x,y)\ 2 dy < Ct- 1 '* I |(1 + (A) 2 ) fe/2 e- s2 / 4t | ds 

' ids 



N\B r (x) 

r-e/2 



c I Ki + ^ 1 (4r) 2 ) fe/2e ^' 2/4 l ds ' 

J ids' 

rs/2 



Thus there is I £ IN such that 

oo 

\k t (x,y)\ 2 dy < C(l+t~ l ) [ (1 + s' l )e- s ' 2 / 4 ds' 

N\B r (x) J 



Vt 



< C(l + t l )e <4+V2)t 

< Ce < 4 + a )' . 

Then the assertion follows by applying the previous lemma to 

/(r,t) := sup / |/c t (x,?/)| 2 . 

x£N JN\B T (x) 

For the derivatives the argument is similar. □ 
Lemma 3.1.8. Let k t be as in the previous lemma. 

For any e, 8 > there is C < oo such that for all x,y £ N with d(x, y) > e and 
allt>0 

d(x,y) 2 

\k t (x,y)\ < Ce . 
Analogous estimates hold for the partial derivatives in x and y with respect to unit 
vector fields on N. 

Proof. Let S(y,e) and k £ 2 IN be as in the proof of the previous lemma. By 
the Sobolev embedding theorem resp. Lemma EQ -41 there is C > such that for all 
r > e, t > and all x,y £ N with d(x, y) > r 

\k t (x,y)\<C sup \\(l + D 2 N )?e- tD »u\\ 2 NXB {y) . 

ueS(y,e/i) 
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As in the proof of the previous lemma this implies 

\h{x,y)\ < Ce~ . 

Then the assertion follows from Lemma ^.lTfil with f(r.t) := sup \k t (x,y)\. 

For the derivatives the argument is similar. □ 

For the next lemma assume that U C M is an open set for which one of the 
following properties holds: 

(1) U is precompact and U fl dM = 0, 

(2) there is k € Z/6 such that U C F k (0, |). 

In the first case there is a closed manifold N and a Dirac bundle En on N 
such that there is a Dirac bundle isomorphism E\u — > En whose base map is an 
isometry. We identify E\u with its image in En- Then D s coincides with Dn on 
U. 

In the second case U is a subset of Z/. by til. II Let Dz k be the operator Dz 
on Zk x € 4d with boundary conditions given by ('P/ cmo d3,7 : '(fc+i)mod3)- Then D s 
coincides with Dz k on U . 

Lemma 3.1.9. Let U be as in (1) resp. (2). Let k t be the integral kernel of the 
heat semigroup of D s on M and let k' t be the integral kernel of the heat semigroup 
of D N resp. D Zk . 

For every T > and e, 6 > there is C > such that for all < t < T, r > e 
and x, y €E U with B r (x), B r {y) C U 

\k t (x,y)-k' t (x,y)\ <Ce'TWW . 

Analogous estimates hold for the partial derivatives with respect to unit vector fields 
on U . 

Proof. The notation is as in the proof of Lemma 1.71 
The estimate follows from 

\k t (x,y)-k' t (x,y)\ = sup sup \{<j>, e~ tD ^} - (0, e~ tD «^}\ 

<j>eS(x,E)ip£S(y,e/2) 

< Ct~* sup sup e- s2/4t (e lsD ° -e lsDN )ijj)\ 

cl>eS(x,s)if>eS(y,e/2) Jm 
oo 

< Ct-i ( |(l + (A)2)fe e - S 2 /4t| _ 

J ids 

r-e/2 

Here we used that [e tsDa — e lsL>N )ip = for |s| < r — e/2 by the finite propaga- 
tion speed property (Lemma I3.1.3J) and the uniqueness of solutions of hyperbolic 
equations. □ 

3.2. The heat semigroup on closed manifolds 

Let B be a Banach algebra with unit. 

Let N be a closed manifold of dimension n. Let En be a Dirac bundle on N 
and let Dn be the associated Dirac operator. For simplicity (we will only need this 
case) assume that En is trivial as a vector bundle. 
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By Cor. 15.2.41 the associated heat kernel defines a family of bounded operators 
on L 2 (N, En <8 B). The operators are smoothing, thus they restrict to a family of 
bounded operators on C m (N, En <8 B) for any m £ JNo • In order to show that the 
family extends to a holomorphic semigroup we have to study its behavior for small 
times. 

By Lemma 15 . 2 . 1 01 we can define — D N as a closed operator on L 2 (N, En eg) B) 
by requiring that C°°(N, En Cg> B) is a core of —D 2 N . 

For t — ► the heat kernel fc t 6 C°°(N x N,En B Sat) can be estimated as 
follows: 

Lemma 3.2.1. Let e > 6e smaller than the injectivity radius of N and let 
X ■ [0, oo) — > [0, 1] fee a smooth monotonously decreasing function such that x( r ) = 1 
/or r < e/2 and x(r) = for r > e. 

Let A be a differential operator of order m on C°°{N, En)- 
Then there is C > such that for all x,y £ N and for all t > 

m 

\A x h(x,v)\ <C + Ct-^+ m ^ 2 e- d ^ 2 / 4t x(d(x,y))J2d(x,yyt-i . 

i=0 

Proof. This follows from BGV , Prop. 2.46, and its proof. □ 

PROPOSITION 3.2.2. Let A be a differential operator of order m on C°° (N, E N ® 
B). Then there is C > such that the action of the integral kernel A x kt(x,y) on 
L 2 (N, E N <8> B) is bounded by C(l + <~ m / 2 ) for all t > 0. 

Proof. Choose a finite open covering {U^}^ e i of N of normal coordinate 
patches and assume that for every x, y £ U v the shortest geodesic connecting x and 
y is in U u . 

Then there are c\, c% > such that for all v € / and all x, y € J7, y 
ci|x - < < c 2 |o; - y| v , 

where | • \ v denotes the euclidian distance on U v defined by the coordinates. 

Let {<fiv} ue i be a partition of unity subordinate to the covering {U u } u£ i. 

Let e > be smaller than the injectivity radius of N and such that {x £ 
N | d(x,snpp(f> u ) < e} C U v for every v £ L. Let x be as in the previous lemma. 
Then 

(t>„(x)x{d{x,y)) < (j> v [x)x{ci\x - y\u)lu„(y) ■ 

By the previous lemma there is C > such that for all x, y £ N and t > the term 
\A x k t {x,y)\ is bounded by 

m 

C + Ct-^' 2 ]T Mx)(e- cllx - yll/it x(ci\x - y\ v ) ^ c\\x - yltr*)^ (y) . 

i/G,7 i=0 

The ^-th term of the outer sum is supported on U v x U u . In the coordinates of U v 
it is of the form (f> u (x)ft(x — y)lu„(y) with f t £ L 1 (fR n ), and there is C > such 
that 

11/tlUi <ct n/2 

for all t > 0. 

The assertion follows now from Prop. 15.2.31 and Cor. 15.2.51 □ 
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Proposition 3.2.3. (1) The family of integral kernels kt(x,y) defines a 

bounded strongly continuous semigroup on L 2 (N,En ®B), which extends 
to a bounded holomorphic semigroup. Its generator is —D 2 N . 
(2) The family of integral kernels kt{x,y) defines a bounded strongly continu- 
ous semigroup on C m (N, En B) for every m G INo . 

Proof. (1) By the previous proposition the action of the integral kernel kt(x, y) 
on L 2 (N, En B) is uniformly bounded for t > 0. On L 2 (N, En) B it converges 
strongly to the identity. Thus kt{x, y) induces a bounded strongly continuous semi- 
group on L 2 (N, En B). 

On C°°(N, En B) the action of the generator coincides with the action 
of —D N . Since C°°(N, En B) is invariant under the semigroup and dense in 
L 2 (N, En B), it is a core for the generator. Hence the generator is —D N . 

By the previous proposition there is C > such that on L 2 (N, En B) for all 
< t < 1 

\\D% e - tD ^\\ < cr 1 . 

Since Rane~ tD « C C°°{N, E N ®B) C domD^ for t > 0, it follows, by Prop. 15X31 
that e~* D « extends to a holomorphic semigroup. 

The integral kernel of D N e~ tDN is exponentially decaying in the supremum 
norm for t — > oo, hence D N e~ tL>N is exponentially decaying as an operator on 
L 2 (N, En B). 

By Prop. 15. 4. 31 this shows that the holomorphic extension is bounded. 

(2) follows from the fact that kt(x,y) defines a strongly continuous bounded 
semigroup on C m {N,E N ) by BGV , Th. 2.30, and that C m (N,E N 0) = 
C m (N,E N )® e B. □ 

It can be deduced from the asymptotic expansion of the heat kernel ([BGV , 
Th. 2.30) that e~ tD « extends even to a holomorphic semigroup on C m (N, En®B) 
— we do not need this fact in the following. 

3.3. The heat semigroup on [0, 1] 

3.3.1. The semigroup e~ tD ^ . Let (Pq, Pi) be a pair of transverse Lagrangian 
projections of A 2d with P , Pi S M 2 d(Aoo)- By Lemma l5.2.10l the operator I d with 
domain C%([0, 1], (A< M A) 2d ) is closable on L 2 ([0, 1], (Cl<^A l ) 2d ). In order to avo id 
indices its closure is denoted by Dj (compare with the operator Dj from H2.2.1(l . 

Let U € M2d(Aoo) be a unitary with UIq = IqU and UPqU* — P s and let 
p E Md(Aoo) be such that 

wur-j(; ?) . 

The unitaries U and p exist by Lemma ll.4.31 

Proposition 3.3.1. Let A e C wra'tt exp(2iA) ^ cr(p). 

(1) TTie operator Dj — A /ias a bounded inverse on L 2 ([Q, 1], (f2< /i ^4 i ) 2d ). 

(2) TTie inverse (Dj — A) -1 maps C l R ([Q, 1], (S7< M _4j ) 2d ) isomorphically to 
Cjj +1 ([0, 1], (f2< M A) 2d ) /or any I € JN . 

(3) T/ie inverse {D[ — A)^ 1 maps £ 2 ([0, 1], (f2<^*4i) 2<i ) continuously to 
C{[Q,l],{h^A l ) 2d ). 
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Proof. The inverse of Di — A is given by 

{{Di - \)~ 1 f)(x) = [ X Iae-^-^fiy) dy + [ e' 1 ^^ A{y)f{y) dy 
Jo Jo 

with 

My) = u*^— p ^J lXy e2lX )u. 

It is straightforward to check that this map fulfills (1), (2) and (3). □ 

We define Di as an unbounded operator on C^QO, 1], (f2< M A) 2d ), I € M , 
by setting domD/ := C^ l_1 ([0, 1], (£l< fl Ai) 2d ) . By the previous proposition Dj is a 
closed operator on C l R ([0, 1], (£l< fJ _A l ) 2d ). 

As before Dj s denotes Dj with R = (P s , 1 — P s ). 

We show that —Dj generates a holomorphic semigroup on £ 2 ([0, 1], (£l< l _ l Ai) 2d ) 
and on C^([0, 1], {&< fl Ai) 2d ). This will be done by first proving that —Dj generates 
a holomorphic semigroup and by then applying Prop. I5.4.1UI 

Moreover we will deduce a norm estimate of the semigroup e~ tD ' for large t 
from the knowledge of the resolvent set of —Dj. 

We will use the same method again when we study the heat semigroup on M. 

Lemma 3.3.2. Assume that R = (P s , 1 — P s ). 

The operator —Dj is the generator of a bounded holomorphic semigroup e~ tE>I s 
on L 2 ([0, 1], (£l< f +A l ) 2d ) and on C l R ([0, 1], (&< fl A i ) 2d ) for any I G TN . 

PROOF. Let k t be the integral kernel of e~ tD ^ (see H3.1.1|) and let S(t) be the 
induced integral operator. 

By Lemma 13.1.21 and Prop. 15.2.31 the family S(t) is uniformly bounded on 
i 2 ([0, 1], {Cl< f ,A i ) 2d ) for t > and the family Dj^Sit) is bounded by C^+i" 1 ^-"" 
for some C, u> > and all t > 0. 

Since S(t) converges strongly to the identity on L 2 ([0, 1], C 2d ) Cl<^Ai for 
t — > and has the semigroup property, it is a strongly continuous semigroup on 
i 2 ([0, 1], (Cl< fJ/ Ai) 2d ). By Prop. 15.4.31 it extends to a bounded holomorphic semi- 
group on L 2 ([Q, 1], (Cl<^ Aj) 2d ) . 

The kernel H from H3. 1.11 defines a bounded holomorphic semigroup on 
C fe (lR/4Z, (n< f _ l A l ) 2d ) as well by ^5~2~T1 This implies that S(t) restricts to a 
bounded holomorphic semigroup on C^([0, 1], (£l< ll Ai) 2d ). In particular it follows 
that C R ([0, 1], (fl< IJl Ai) 2d ) is a core of the generator of S(t). Thus the generator is 
-Dj s . □ 

Proposition 3.3.3. The operator —Dj generates a holomorphic semigroup 
e- tD 'l on L 2 ([0, 1], (Q< /Jt A i ) 2d ) as well as on C*([0, 1], (0< M ^) 2d ) /or a/Z fc € IN 0; 
and £/iere are C, > sucft that for all t > 

||e- tD '|| < Ce^' 

on i 2 ([0, 1], (!]< M A) M ) and on <7*([0, 1], (ft<, t A) 2d ). 

Proof. The following arguments hold on L 2 ([0, 1], (f3< M „4i) 2d ) as well as on 

C^([0,l],(n< M A) 2d ): 

The operator D T - U*D Is lI is bounded by Prop. |2~2~21 Since U*D Is lI has a 
bounded inverse by Prop. 13.3.11 and —U*Dj U generates a bounded holomorphic 
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semigroup by the previous lemma, we can apply Prop. 15.4. 101 It follows that —Dj 
generates a holomorphic semigroup. 

By Prop. 13.3.11 there is u> > such that the spectrum of Dj is a subset of 
}oj, oo[. Hence by Prop. 15X21 there is C > with ||e" t£l ' || < Ce~ ut . □ 

3.3.2. The integral kernel. In this section we prove the existence of the 
heat kernel for e~ tL>I . By cutting and pasting we construct an approximation of 
the semigroup e~ tD ' by integral operators. Using Duhamel's principle (see Prop. 
15.4.5(1 we prove that the error term is an integral operator as well. At the same 
time we obtain estimates for the integral kernel of e~ 1 . 

The same method will be used later in order to study the heat kernel on M 
(see H3.5.1|l and the heat kernel associated to the superconnection (see *14.3.2fl . 

Let R = (Pq, Pi) be the boundary conditions of Dj. 

Let Dj resp. Dj x be defined as Dj with boundary conditions given by (Pq, 1 — 
P ) resp. {l-P 1 ,P 1 ). 

From Lemma fl.4.31 and i)3.1.1l it follows that e~* k = 0, 1, is an integral 
operator for t > 0. Its integral kernel is denoted by e^{x,y). 

Let (j) ■ [0, 1] — > [0, 1] be a smooth function with supp^o C [0, |[ and supp(l — 
(f>o) C]|, 1] and let cj>i :— (1 — 0o). Furthermore choose smooth functions 70,71 : 
[0, 1] -> [0, 1] with 

• 7fcUp P fc = lj k = 0, 1, 

• supp7^. n supp^fe =0, k = 0, 1, 

• supp7o C [0, |] and supp7i C [±,1]. 

Write E t for the integral operator corresponding to the integral kernel 

et{x,y) ■■= jo{x)e°(x,y)(f> (y) + j 1 (x)e 1 t (x,y)c/) 1 (y) . 

Set E := 1. 

Then E t is strongly continuous on L 2 ([0, 1], (Ct<:^Ai) 2d ) as well as on 
C l R ([0, 1], (f2< M A) M ) at any t > 0. 

For / e C% ([0,l],(^< M A) 2d ) the map [0, 00) L 2 ([0,1] (0< M A) 2d ), * ^ 
i?t/ is even differentiable. Hence by Duhamel's principle (Prop. I5.4.5|) we have for 
/ € C£([0, 1], (Cl< fl A) 2d ) in i 2 ([0, 1], (n<^A t ) 2d y. 

(*) e' tD 'f Ekf = -J* e- s °Hj t + D*)E t _ s f ds . 
In the following the norm on M 2 d{Ai) is denoted by | • |. 

We define C#([0, 1], M 2 d{^l< fJ ,Ai)) 1 k G 1N U {00}, as the space of functions in 
C k ([0,l\,M 2 d(&< fJ ,A i )) whose column vectors are in C%([0, 1], (0< M A) 2d )- Then 
any bounded operator on C|j([0, 1], (Cl< llj Ai) 2d ) acts as a bounded operator on 
C|j([0, l],M 2d (Cl<^Ai)) in an obvious way. 

Proposition 3.3.4. For t > the operator e~~ tD ' is an integral operator. Let 
k t be its integral kernel. 
(1) The map 

(0,oo) -> C~([0,1],C£([0,1],M M (^„))), i ' ^ (t/^ fc t (-,y)) 
«s well- defined and smooth. 
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(2) k t (x,y) = k t (y,x)*. 

(3) For every m,n £ INq and every 5 > there is C > such that 

d(y,supp 7^) 2 

\d^h(x,y) - d^e t (x,y)\ < Ct £ e w^i supp0fc(2/ ) 

fc=0,l 

for all t > and a/? x, j/ G [0, 1] . 
Proof. Let / e C£?([0, 1], (J7< Al A) 2<i )- From (*) it follows that 

ft /•! 

-ID,* 77 <■ _ / / „-sD 2 ,r„ ,/Q i a„,/\ 



k=0.1 J ° J ° 



By Lemma 13. 1.1 1 we can extend the map 

t^(y^{i k d + di k )e k t {- lV )4> k {y)) 
by zero to a smooth map from [0, oo) to C°°([0, 1], C^?([0, 1), M 2 d(Ai)). 

Since e~ sD ' acts as a uniformly bounded operator on C|?([0, 1], M2d(-4.j)) by 
Lemma 13.1.11 it follows that the operator on the right hand side is an integral 
operator with smooth integral kernel. 

Hence e~ tD ' is an integral operator with smooth integral kernel and (1) holds. 

The selfadjointness of e~ tD ' implies (2). 

Since d(supp fa, supp7^.) > e for some e > 0, there is C > 0, by Lemma 15. 1.21 
such that for all x, y S [0,1] and t > 



fe=o,i 



\d™d2(k t (x,y)-e t (x,y))\ 

< C H f \\e- sD Hl' k d + d^d^etsi-^faiyflWcm dsl supp<l>k (y) 
o 

f* d(y,supp 7 ') 2 



< C ^ / e (*+»)(*-., d s l supp0(E (y) 

,,._n i JO 



fc=0,l 

< C J2 te 1b»pp*»(») ■ 

fc=0,l 

This shows statement (3). □ 

Corollary 3.3.5. Let kt(x,y) be the integral kernel of e" tD ' . 
For every m,n G INo & n d S, e > we find C > swc/i i/io< /or all i,]/£ [0, 1] 
with d(x, y) > e and t > 

ISSTWa;.!/)! < Ce-T^+Ct £ e" ^^W^ i supp ^ (y) . 

fc=0,l 

Proof. This follows from the previous proposition and Lemma \'S. 1.21 □ 

Corollary 3.3.6. Let k t (x,y) be the integral kernel of e~ tD ' . 
Let to be as in Prop. 13.3.31 For every m,n G INo there is C > such that for 
any t > and any x, y G [0, 1] 



l^fctfotOI <C(l + t *~)e 
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PROOF. There is C > such that for all x,y £ [0, 1] and all < t < 1 

\d^k t (x,y)-d^e t (x,y)\<Ct £ e * , 

fe=0,l 

hence, by Lemma 13.1.21 
For alH > 1 and y £ [0, 1] 

fc t (-,y) = e-(*- 1 ^fc 1 (-,y) . 
The assertion follows now since (y h-> y)) £ C™([0, 1], C^([0, 1], M 2d (A))) and 
since by Prop. EHO thc action of e^* -1 ^? n C%([0, l],M 2d (A)) is bounded by 
Ce~ wt for some C, cj > and every < > 1. □ 

The following facts will be needed for the definition of the 77-form. 

Lemma 3.3.7. Let k t be the integral kernel of e~ tD '= . 
Then for all 1,1/6 [0, 1] and t > 

tr(D Is ) x k t (x,y) = 0. 

Proof. Let S := 2P S - 1 £ Gl 2d ((D). Then S 2 = 1, SI + IS ^ 0, SP S = P s 
and S(l-P.) = -(1-P.). 

This implies SD Is e- fD l + D Is e- tD ls = 0. Therefore 

S(D Ia ) x kt(x,y) + {D I ,) x k t (x,y)S = , 

hence 

tr(Dj 8 ) x fct(x,y) = tx(-S(D Ia ) x k t (x,y)S) = -tr(D Is ) x k t (x,y) . 
It follows that tr(D] s ) x k t (x,y) = 0. □ 

Corollary 3.3.8. Let (£>/fc t ) 6e f/ie integral kernel of Die~ tD2 ' . We have, 
uniformly on [0, 1]: 

lim tv(Dik t ){x, x) = . 

Proof. By the previous lemma tr(Di) x e t (x, y) — for all x,y £ [0, 1]. Then 
the assertion follows from the estimate in Prop. 13.3.41 □ 

3.4. The heat semigroup on the cylinder 

Let Z = IR x [0,1]. 

Let R = (Po, Pi) be a pair of pairwise transverse Lagrangian projections of A 2d 
with P ,Px £ AhdiAoo). 

In this section we study the action of Dz as an unbounded operator on 
L 2 (Z, {Vt< il Ai) Ad ) . If not specified the notation is as in H2.3I 

First we define the following function spaces and operators: 
For k £ IN U {00} let 

C k R (Z, (£l<^A t ) 4d ) 

:= {/6C l (^(M.) 4i ) I (Pi®Pi)($ l z f)(x,i) = f(x,i) 
for x £ JR; i = 0, 1; I £ HNT 0) I < k} . 
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Further suffixes, like c or ... , have their usual meaning. 
We endow these spaces with the subspace topologies. 
For a Frechet space V we define the Schwartz space 

S(Z,V) :=5(]R)<8C oo ([0 s l],V) . 

Moreover let S R (Z, {(l<^A) 4ld ) be S{Z, (Cl< /Ji A i ) 4 ' d ) H C^{Z, (Cl< /J ,A i ) 4d ) as a vec- 
tor space with the topology induced by S{Z, (£l< ll Ai) 4:d ). 

Let Dz as an unbounded operator on L 2 (Z, {£l< fl Ai) 4:d ) be the closure of (j>z 
with domain Sr(Z, (fl< fJl Ai) 4d ). The existence of the closure follows from Lemma 

Ens 

Since at the moment it is not clear whether D 2 Z is closed on L 2 (Z, (&< pL Ai) Ad ) , 
we define A as the closure of = —d 2 1 — d 2 2 with domain Sr(Z, {(l< fl Ai) M ). 

Let A]r be the closure of —8%. with domain Sr(Z, (il< fl Ai) Ad ). 

Let Dj be the closure of Id X2 as an unbounded operator on L 2 (Z, {^l< fl Ai) id ) 
with domain S R (Z, (h< t _ l A i ) id ) . 

By Prop. 13. 3. li the operator Dj has a bounded inverse on L 2 ([0, 1], (tl<^Ai) 2d ). 
By Lemma f5. 2. 21 the space L 2 (Z, (Ct< il Ai) Ad ) can be identified with 
L 2 (1R, L 2 ([0, 1], (fi< M A) 4<i )), hence t>i has a bounded inverse on L 2 (Z, (n< tt A i ) id ). 
It follows that —Dj is closed. 

By an analogous argument —Dj generates a bounded holomorphic semigroup 
on L 2 (Z, {&< lx Ai) id ) with integral kernel k{ (x2, 2/2) © (#2, Jte) for t > 0. Here fcf 
is the integral kernel of e~ tDl , which exists by Prop. 13.3.41 

Furthermore we have a natural candidate for the integral kernel of a semigroup 
generated by —A, namely 

kf(x,y) := -£= e~ <X1 « 1 1 (k 1 (x 2 , y 2 ) ® fc t 7 (z 2 , Ma)) ■ 

In the following let w > be as in Prop. 13.3.31 such that 

||e-*^|| < Ce~ ut 

on L 2 (Z, (Cl< ll A l ) 4d ) for all t > 0. 

Proposition 3.4.1. (1) The integral kernel k^(x,y) defines a holomor- 

phic semigroup on L 2 (Z,(n< fi A i ) 4d ) with generator -A. 

(2) For every m € INq the integral kernel kf(x, y) defines a holomorphic semi- 
group on C%(Z, (0< M A) 4d ), denoted by e - tA as well. 

(3) Let A be a differential operator of order m with coefficients in 

C°°(Z, M 4d (n< M A))- Then for the operator Ae~ tA on L 2 (Z, {Vt< ll A i ) id ) 
as well as for Ae~ tA : C%(Z, (fi^A) 4 **) -> C n (Z, (0< M A) 4d ), n G IN , 
we have: 

There is C > suc/i i/ia£ /or all t > 

||Ae-* A || < C*(l+r m/2 )e- wt . 
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Proof. (1) By Prop. 15.2.31 the kernel — 1= e ' 1 4t H1> defines a uniformly 

bounded family of operators on L 2 (Z, (Vt< il Ai) Ad ) . Since it converges strongly to 
the identity on L 2 (Z) © (Cl< tlj Ai) Ad for t — > 0, it is a strongly continuous semigroup. 
The space Sr(Z, ((}<^Ai) 4d ) is invariant under the action of the semigroup and the 
action of the generator on that space is given by d 2 2 . Hence the generator is — A]r. 

By checking the assumptions of Prop. 15. 4. 31 we show that the semigroup e~ tAm 
extends to a holomorphic one: 

The operator (id Xl )e~ tAm equals the convolution with the function 



,-iAn 



g{xi) = -m ^) e 

Since there is C > such that for < t < 1 
it follows that 

IKi^Je-^ll < Ct" 1 / 2 
on L 2 {Z, (0< (Ll A) 4d ), thus for < t < 1 

||A m e- tAm || < IKi^Je-^^H 2 < Cr 1 . 

Hence — Am generates a holomorphic semigroup on L 2 (Z, (£l< ll Ai) 4d ) . 

Note that this estimate also holds on Cr(Z, (Cl<pAi) ) showing that 
a holomorphic semigroup on Cr(Z, (Cl< tl Ai) Ad ) as well. 

Since the semigroups e~ tAlR and e~ tD ' commute with each other, their compo- 
sition is a holomorphic semigroup. The space Sr(Z, (Cl<^Ai) Ad ) is invariant under 
the action of the semigroup and the generator acts on it as d 2 l + d 2 2 . Thus the 
generator is —A. 

(2) Since for / E C%(Z, (Cl<„Ai) id ), n G IN, we have that (id xl ) e - tA f = 
e~ tA (id Xl )f and Dje^ tA f — e~ tA L>if, the assertion can be reduced to the case 
n = 0. 

From Prop. 13.3.31 it follows that the action of the integral kernel k((x2,U2) © 
k{ (x 2 , 2/2) on Cr(Z, {VL< ti Ai) id ) extends to a holomorphic semigroup. Furthermore 

in (1) we showed that the integral kernel « defines a holomorphic 

semigroup on Cr{Z 1 (Cl<^Ai) • ). Hence the kernel kf(x,y) defines a semigroup on 
Cr(Z, (Cl< ll Ai) 4d ) that extends to a holomorphic one. 

(3) We can restrict to the case n — by the argument in the proof of (2). 

In the following the operator norms can be understood with respect to the ac- 
tion on L 2 (Z, (fi<^ Ai) Ad ) as well as with respect to the action on Cr(Z, (Cl< ll Ai) 4d ) . 

The differential operator A is a sum of operators ahkD^{id xl ) k with dhk € 
C°°{Z, M 4d (fi< M A)) and h + k < m. We have 

D'i{id Xl ) k e- tA = D>}e- t£) Hid Xl ) k e- tA ^ . 
By Cor. 15. 4. 91 there is C > such that for < t 

\\Dje- t£)2 '\\ < Ct- h ' 2 e-^ . 
By the estimate in the proof of (1) 

\\(id Xl ) k e- tA ^\\ < \\(id Xl )e-W A ™\\ k < Cr k l 2 
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for < t < 1. 

Now the assertion follows by taking into account that e~* AlR is uniformly 
bounded. □ 

Corollary 3.4.2. Let A e C wii/i Re A 2 < ui. 

(1) TTie operator Dz — X is invertible on Sr(Z, (£l< ll Ai) 4:d ). 

(2) The operator Dz — A is invertible on L 2 (Z, (Vl<^Ai) Ad ) . 

(3) A = D|. 

PROOF. (1) For any seminorm p of Sr(Z, (Cl< fJ _A l ) 4:d ) there are C > 0, n e IN 
andaseminormgsuchthatp(e~ tAlR /) < C(l+t n )q(f) andp(e~ t£|2 /) < Ce~ ut q(f) 
for all / € Sn(Z, (tl< IJ ,Ai) 4d ). Hence e~ tA restricts to a bounded operator on 
Sr{Z, (r2< M A) 4d ), and the integral 

/>oo 

G(A) = / (^ + A)e-*( A - A2 )M 
Jo 

defines a bounded operator on Sr(Z, (fi< M .4;) 4rf ) inverting — A. 

(2) The operator G(A) extends to a bounded operator on L 2 {Z , {(l< ll Ai) id ) 
since by the previous proposition there is C > such that on L 2 (Z, (&< ll Ai) Ad ) 

||pz + A)e- t ( A - A2 )|| <C(l + i-5) e -(--R^ 2 )* 

for all t > 0. 

From (1) it follows that G(A) inverts D z — A on L 2 (Z, (ti< fl A l ) 4d ). 

(3) From (2) it follows that the operator D 2 Z is closed, and from (1) that 
Sr(Z, (Cl< tlj Ai) id ) is a core for D 2 Z . Hence the closure of D 2 Z equals A. □ 

Proposition 3.4.3. Let A e C with Re A < u. 

(1) The operator {D 2 Z — A) -1 maps L 2 (Z, (tt<: f j i Ai) 4d ) continuously to 
C(Z,(^A) 4d ). 

(2) Let n G IN,n > 2. T/ie operator (D% - A)"" maps L 2 (Z, (0< M A) 4d ) 
continuously to C 2n - 3 {Z, (tt< tJi A l ) 4d ) . 

PROOF. (1) For Re A < u we have on L 2 (Z, (Cl< fJ ,A i ) M ): 

/•CO 

(Dl-X)- 1 = / e-*^- A )«ft 
Jo 

JO 

By Prop, rnm the operator DJ 1 : L 2 ([0, 1], (ft< M A) 2d ) -» C([0, f], (^< Al A) 2d ) is 
bounded. Thus the family of operators 

e -t6? = DJ i Die -tm . L a (Zj (ft^)**) _> L 2 QR, C([0, f], (fl^A) 4 ')) 

is bounded by C(f + t~^)e~ ut for all < > 0. 
Furthermore the family 

e~ tA - : L 2 (H, C([0, f], (Cl<^A l ) id )) - G(H, C([0, 1], (fi<„A) 4d )) 
is bounded by sup ||— = — e~ ( 1 1? 1 ' || i2 , hence by C£~ 1//4 for some C > 0. 

ziGIR V H1 
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Thus the integral converges as a bounded operator from L 2 (Z, (Cl^Ai) ) to 

C(z, (0<„A) 4d )- 

(2) We show that for any k G TNg with k < 2n — 1 the map 

D^td^-^iDl - A)"" : S R (Z, (f>< M A) 4d ) - L 2 (Z, (0< M A) 4d ) 

extends to a bounded operator on L 2 (Z, {Vt< il Ai) Ad ) . Then the assertion follows 
from the first part. 

We have for k G 1N with k < 2n + 1 

Df(i0 !B1 ) 2n -* +1 (I>i-A)- B - 1 

r -l^fc e _ t (D|-A)^j2„-fe+l e - t A R ^ _ 

As bounded operators on L 2 (Z, (p,<^Ai) id ) 

||£,fe e -t(D?-A)|| < Ct -fc/2 e -( W -A)t 

and 

||(*fll Bl ) 2n ~ fc+1 e- tAll || < C(l + r (2 "- fc+1)/2 ) , 
hence the integral converges. □ 

In the following | • | denotes the norm on M±d{Ai). 

Lemma 3.4.4. For every e > and a, j3 G IN 2 , there are c, C > such that for 
all x,y G Z with d(x, y) > e and all t > 

\d^ki(x,y)\<Ce-^ . 
Proof. For m,n G TN there are C, c > such that 

\d™dlk I t (x 2 ,y 2 )\<Ce- iB ^ 3]1 

for \x 2 — 2/2 1 > e/2 and t > 0. This follows from Cor. I3.3.5l for i < 1 and from Cor. 
EPHI for i > 1. For \x 2 -y 2 \ < e/2 the left hand side is bounded by C(l + i" 2Iii ? ±i ) 
by Cor. 13.3.61 Similar estimates hold for e c . A combination of these 
estimates implies the lemma. □ 

In the next lemma Sr(Z, M^Ai)) is the subspace of S(Z, M^Ai)) of func- 
tions whose columns are in Sr(Z, Af ). Then operators on Sr(Z, Af d ) act on 
Sr(Z, M id {Ai)) columnwise. The space C^ C (Z , M id (Ai)) is analogously defined. 

Lemma 3.4.5. Let A <E C with Re A < u>. Let £i,£ 2 G C 00 ^) im'tt supp£i n 
supp ^2 = o^d assume that supp £2 is compact. 

Then for any n G IN i/ie operator ^\(D 2 Z — A)~™£2 is an integral operator. 

Let k be its integral kernel. Then {y 1— > n{-,y)) G C%°(Z, Sr(Z, M^diAi))) and 
(x 1 ^ •)*) G 5(Z, C£(Z, M 4d (A)))- 

In particular £i(D 2 — \)~ n £,2 maps L 2 {Z, (£l< )J ,Ai) 4d ) continuously to 

s R (z,(n<^) id ). 
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Proof. First we prove the claim for n = 1. 
Let feC% c (Z, (O^A) 4d ). 
In L 2 (Z, (Cl<^) id ) 



pOO 

ii{D 2 z -\)-%f = / £ie- t( ^- A) 6/ dt 
Jo 

^(;y)e xt ^(y)f(y) dydt 



Let £ > be such that d(supp£i,supp£2) > £■ 

By the previous lemma there are c, C > such that for all x,y <E Z and all 
t > 



|£i(*) e At fef(x,y)6(y)| < Cl {t>1} (t)|Ci(x)|e( RcA -^e-^^|6(2/)| 

+ Cl {4 < 1} (0|^i(x)|e-^ li |6(2/)| ■ 

Analogous estimates hold for the partial derivatives. Hence we can interchange the 
order of integration. It follows that £i(-D| — A) -1 ^ is an integral operator with 
integral kernel 

/>oo 

n(x,y):= / ^(x)e- xt kf{x,y)^(y)dt. 



For n — 1 the other statements of the lemma also follow from the estimates. 

For n > 1 choose a smooth compactly supported function ip : Z — > [0, 1] such 
that supp?/> n supp£i = and supp(l — ip) H supp^2 = 0- Then 

ap|-A)-"6 = a( J D|-A)- 1 vp|-A)-" +1 6 



2 ■ 



By induction the lemma can be applied to £i(Z)|— A) -1 -*/; and (1— ij})(D^— A)~ ,l+1 £2- 
The statement of the lemma follows for £i(-D| — A) _n £2 from this and the fact that 
by Cor. 13.4.21 the operator (D 2 Z — A) _m acts continuously on Sr(Z, M^{Ai)) for 
all m G IN. □ 



3.5. The heat semigroup on M 

3.5.1. Definitions. Recall the definition of the operator D(p) 2 on the Hilbert 
.4- module L 2 (M, E <g> A) in H2. 1.11 and ffHfl By Lemma ISTTUl the operator + 
pif ) 2 with domain <Sr(M, E®(l<^Ai) is closable on L 2 (M, E^Cl^^Ai). Its closure 
will be denoted by D(p) 2 as well in order to simplify notation. 

So far the notation is misleading: It suggests that D{p) 2 is the square of some 
unbounded operator on L 2 (M, E® Vt<^Ai). This is indeed the case as will become 
clear in H3.5.5I 

Define D 2 as a closed operator on L 2 (M, E ® Cl<^Ai) in an analogous way. 

We will often make use of cutting and pasting arguments on M. We fix the 
setting: 

Let < bo < \ be small enough and ro > large enough such that 
suppfc^ n ((F(r , bo) x M) U (M x F(r , bo))) = , 

with F (ro,6o) as in fll.ll Here fc#- denotes the integral kernel of the operator K 
from 



50 



3. HEAT SEMIGROUPS AND KERNELS 



Let U(ro, bo) be the open covering defined in HI. II and modified in H2.5I 
Choose a smooth partition of unity {4>k}keJ subordinate to U(ro,bo) and 
smooth functions {"fk}ke.J on M such that for all k G J 

• supp7fc C U k , 

• supp(l - 7fc) n supp^. = 0, 

• the derivatives 9 e2 (</>*: If) an d 5e 2 (7fc|F) vanish in a neighborhood of dM. 

Let En be a Dirac bundle on a compact spin manifold N that is trivial as 
a vector bundle and assume that there is a Dirac bundle isomorphism E\u+ —> 
Em, whose base map is an isometric embedding. Let Dn be the associated Dirac 
operator. We identify lAf, with its image in TV and E\u+ with its image in En. 

Since the support of Ur is in Uj, x the restriction of D(p) = D + pK to 14$, 
extends to an operator D/v + pK on the sections of En- 

For k G Z/6 let be the operator F> z on L 2 (Z, (fi< M A) 4<i ) from ETlwith 
boundary conditions given by the pair (:P femo d3, ^(fc+i) mod3)- 

3.5.2. The resolvents of D(p) 2 . This section has three different aims: 

Using a method of Lott ( |Lo3 |. §6.1.) we investigate the resolvent set of D(p) 2 
on L 2 (M, E® fi< M A)- 

Furthermore we prove a kind of Sobolev embedding theorem - more precisely 
an analogue of Lemma \'S. 1.41 for the operator D(p) 2 on L 2 (M, E ® Q< M A)- 

Third we obtain more information about the kernel of D(p) 2 on L 2 (M,E ® 
n<Cfj,Ai), namely that there is a projection on it and that this projection is a Hilbcrt- 
Schmidt operator with a smooth integral kernel. 

Let lu > be such that there is C > with 

\\e- tD2 ^\\ <Ce~ ut 

on L 2 (M, E ® f2< M A) for all t > and all k G Z/6. 

Let 1/ G IN. For A G C with Re A < w we define a parametrix of (D(p) 2 — A)": 

By Cor. 15X31 we can set Q fe (A) = (£>| fc - A) - " for k G Z/6. 

Let Q#(A) be a local parametrix of (D 2 — A)" on Uj, defined by the symbol of 
(D 2 - \)» such that cf>*(Q+(\)(D 2 - A) v - 1)7* and fo((D 2 - A)"Q*(A) - 1) 7 * 
are integral operators with smooth integral kernels. 

The operator 

Q(A) :=X> fc Q*(A)7* 
fceJ 

acts as a bounded operator on the spaces L 2 (M, £7®fi<^A) and Sr(M, SCBJfi^A) 
by Upland by Cor. 13X21 

Lemma 3.5.1. For any p G IR and A G C wi£/i Re A < u; i/ie operator Q(X)(D(p) 2 — 
X) v — 1 restricted to Sr(M, E ® Q<^A) is an integral operator K, with smooth in- 
tegral kernel k G L 2 (M x M, (E m~E*) <g) A)- 

Furthermore (x i-> •)*) € 5(M, C^ R {M, E ® A) <£> -E*) and (y h-> G 
C~(M, 5jj(M, £ ® A) ® £*). 

7n particular K, extends to a bounded operator from L 2 (M,E ® f2< M A) to 
S^M^Oft^A)- 
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Proof. The difference (D(p) 2 - \ f - (D 2 - X)" on S R {M,E(g> f2< M A) is 
an integral operator with smooth integral kernel whose support is contained in 
suppfcA'- Hence we only need to investigate Q(X)(D 2 — X) v — 1. 

For any k G J choose a function £/. G C^°(M) with values in [0, 1] and such 
that supp£fc C U k , £fc|suppd7 fc = 1 and supp^fc n supp£fc = 0. Furthermore assume 
that d e2 (^k\F) vanishes in a neighborhood of dM. 

By induction we have that [7*, (D 2 — X) v ] = £,k[lk, [D 2 - X) v ] since 

hk,(D 2 -\y\ 

= (D 2 - X) v ~ l (c(drfk)D + Dc{d lk )) + [ 7fc , (D 2 - A)" _1 ](-D 2 - A) 
= £ k (D 2 - Xy-\c{d lk )D + Dc{d lk )) + [ 7k) (D 2 - Xy-^D 2 - A) . 

In the following the operators Dz k , k G 2/6, are denoted by D as well. Further- 
more ~ means equality up to integral operators with smooth compactly supported 
integral kernels. 

Then on S R (M, E <x> Cl^Ai) 

Q(X)(D 2 -Xy-1 = ^^Q fc (A)[ 7fc ,(^ 2 -A)H + ^^Q fe (A)(^ 2 -A) ,y 7fc -l 

fcgj ke.J 

~ Y J Mk{x)i k [ lk ,(D 2 -xy] . 

For all k G J the operator <fi k Q k {X)£ k is an integral operator whose integral kernel 
has the properties stated in the lemma. This holds for k G 2/6 by Lemma [3.4.51 
and for k = Jit by the properties of pseudodiffcrcntial operators. Now the assertion 
follows. □ 

Proposition 3.5.2. Let pel. Let A g C with Re A < w such that D(p) 2 - X 
has a bounded inverse on the Hilbert A-module L 2 (M 1 E ® A). 

Then D{p) 2 — X has a bounded inverse on L 2 (M,E ® Q^^Ai). 

The inverse (D(p) 2 — Xy 1 acts as a bounded operator on the space S R (M,E ® 

Proof. Let Q(X) and JC be as in the previous lemma such that Q(X)(D(p) 2 — 
A)/=(l-/C)/for/Gdom^(p) 2 . 

We want to apply Prop. 15.3.11 Since in general 1 — K, is not invertible on 
L 2 (M, E (g) A), we modify the parametrix: 

Choose an integral kernel s G C^°(M x M,{E M E*) ® Ai) vanishing near 
{dM x M) U (M x dM) such that in B{L 2 (M, E <g> A)) 

\\K-S(D(p) 2 -X)\\<±. 

This choice is possible since by assumption {D{p) 2 — A) has a bounded inverse, 
hence also (D(p) 2 — A) has a bounded inverse on L 2 {M, E® A). 
It follows that 

(Q(A) + S)(D(p) 2 — X) =1— (JC — S(D(p) 2 - A)) 

has a bounded inverse on L 2 {M, E ® A). 

Prop. l5~O implies that l-K-S{D(p) 2 - A) is invertible on L 2 {M,E®Q< fl A i ) 
as well. Thus 

{l~(JC~S(D(p) 2 -X))y 1 (Q(X) + S) 
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is a bounded operator on L 2 (M, E^Cl^^Ai), which is a right inverse for (D(p) 2 — A). 
Hence D(p) 2 — A is injective and bounded below. It remains to show that its range 
is dense. This follows from the fact that D(p) 2 — A is invertible on L 2 (M, E (g> A). 

Since Q(X) acts continuously on S R (M, E ® Cl^^Ai) and /C maps L 2 (M, E <E> 
&<fj,Ai) continuously to S R {M, E ® VL-c^Ai) by the previous lemma, the operator 
(D(p) 2 — A) -1 acts continuously on S R (M, E ® Cl^^Ai) by 

(Dipf-X)- 1 = (1 - JC)(D(p) 2 - A)- 1 + JC{D{p) 2 A)" 1 
= Q{\)+JC{D{p) 2 -X)- 1 . 

□ 

Proposition 3.5.3. Let p e H. Lei A e C wi£/i Re A < w be such that 
(D(p) 2 — A) has a bounded inverse on L 2 (M, E £g> D,<^Ai). 

Then for v G IN, i/ > 2, tte operator (D{p) 2 - A) - " maps L 2 (M, £7 ® ^<^A) 
continuously to C R "~ 3 (M, E (g) Q< M .Ai). 

Proof. Let Q(X)(D(p) 2 - A)" = 1 - K as before, thus 

(D(p) 2 - X)-» = Q(X) + !C(D(p) 2 - X)-» . 

By Prop. 13.4.31 and Lemma l5~2~T81 the operator Q(X) maps L 2 (M,E ® Q^A) 
continuously to C R "~ 3 (M, E <S> &<fj,Ai). Furthermore /C is smoothing. □ 

Corollary 3.5.4. JTie fcerne/ of D(p) 2 on L 2 (M, E ® Cl< fl A 1 ) is a subspace 
ofS R (M,E®n<^Ai). 

Proof. Let A ^ be as in the previous proposition. 

Then (D(p) 2 - X)~ v f = (-X)~ v f for / e KerD(p) 2 and every v € IN. By the 
previous proposition it follows that the elements of KerL>(p) 2 are smooth. 
For and / e Ker D(p) 2 

D%Jkf &C? R {Z k ,{h< ll A i ) id ) . 
From Cor. 13X21 it follows that 

4> k f = D z 2 (D 2 Zk <p k f) £ S R (Z k , (tl<^A l ) 4d ) . 
Hence / G S R (M, E <g> Q^^A)- □ 
Proposition 3.5.5. Let p 7^ 0. 

Let P be the projection onto the kernel of D(p) on L 2 (AI,E ® A). 

Then P is a finite Hilbert- Schmidt operator whose integral kernel is of the form 
Ef=i h ( x ) h s (v)* mth fj » hj e Ker D(p) n S R (M, E®Aoo). 

Furthermore on L 2 (M,E® Cl^Ai) we have that KerD(p) 2 = PL 2 (M,E® 
fi< M A) tmdRanL>(/?) 2 = (1-P)L 2 (M, E®Q.< ll Ai). Henceth ere is a decomposition 

L 2 (M,E®Cl<^A t ) = Ker D(p) 2 ® Ran D(p) 2 

with respect to which 

D(p) 2 =0(SD(p) 2 \ RlinD{p) 2 . 
Moreover D(p) 2 \Yi an D(p) 2 is invertible. 
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Proof. First consider the situation on L 2 (M, E ® A) : Since the range of D(p) 
is closed, there is an orthogonal projection P onto the kernel of D(p) by Prop. 
15.1.121 Furthermore D(p) is selfadjoint, hence KeiD(p) = Ker D(p) 2 . The range 
of D(p) 2 is closed, thus zero is an isolated point in the spectrum of D(p) 2 on 
L 2 {M,E®A). 

Hence, for r small enough, 

p=-L / (Dipf-xy'dx. 

From Prop. 13.5.21 it follows that zero is an isolated point in the spectrum of 
D(p) 2 on L 2 (M, E^ti^Ai) as well. Thus P is well-defined as a bounded operator 
on L 2 (M, E (g> Cl<^Ai). By Prop. 15.3.61 it is a Hilbcrt-Schmidt operator whose 
integral kernel is as asserted. 

The remaining parts follow from the spectral theory for closed operators on 
Banach spaces (£03, Th. 2.14). □ 

Corollary 3.5.6. Let Re A < w. 

(1) Let p 7^ and let P be the orthogonal projection onto the kernel of D(p) 2 . 
If D(p) 2 +P—\ has a bounded inverse on L 2 (M,E(g>A), thenD(p) 2 +P-\ 
has a bounded inverse on L 2 (M 1 E ® Cl<^Ai) and the inverse acts as a 
bounded operator on the space Sr(M, E ® ^l<^Ai) as well. 

(2) Let Po be the orthogonal projection onto KerD^. If D 2 + Pq — A has a 
bounded inverse on L 2 (M, E® A), then D 2 + Pq — A has a bounded inverse 
on L 2 (M,E® Cl<^Ai) and the inverse acts as a bounded operator on the 
space Sr(M, E ® ft^^Ai) as well. 

In particular there is c > such that {Re A < c} is in the resolvent set of 
D(p) 2 +P resp. D 2 +P a . 

Proof. (1) From the previous proposition it follows that P(l — A) -1 + (1 — 
P){D{p) 2 - A)" 1 inverts D(p) 2 + P - A on L 2 (M, E ® Cl^Ai). Since P acts as a 
bounded operator on the space Sn(M, E^Cl^^Ai) by Cor. 13. 5. 41 and (D(p) 2 — A) -1 
is bounded on Sr(M, E eg) Cl<^Ai) by Prop. l3~5~2l the operator (D(p) 2 + P - A)" 1 
is bounded on Sr{M, E ® ^Ik^Ai) as well. 

(2) follows analogously. □ 

3.5.3. An approximation of the semigroup. By cutting and pasting we 
construct a family of integral operators that behaves similar to a semigroup gener- 
ated by —D(p) 2 for small times. 

We work in the setting fixed in H3.5.1I 

Let e(p)*(x, y) be the restriction of the integral kernel of e -t{ D N+pK) to U$ x 

Uj/, and for k E 2/6 let e(p)^(x, y) be the restriction of the integral kernel of e~ tDz * 
to Uk x Uk- Extend these functions by zero to M x M. Clearly for k £ Z/6 we 
have e{p)l(x,y) = e(0) t fc (a;, y). 

We write E(p) t for the family of integral operators on L 2 (M,E ® Cl<^Ai) 
corresponding to the integral kernel 

and set E(p) := 1. 
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Using the results in 21 and JO] one deduces: 

(1) The family E(p)t is strongly continuous in t on L 2 (M, E eg) f2< M A)- 

(2) If / € C^(M, E(g)Q< M ^4j), then the map [0, oo) — > L 2 (M, EigiQ^^Ai), t^> 
E(p)tf is differentiable. 

(3) Ran £(p) t C Sr(M, E <g) Q< M A) for i > 0. 

(4) Let A be a differential operator on C°°(M, E Cg> ft^A) of order m with 
bounded coefficients. For T > there is C > such that for all < t < T 
on I?(M,E® fi< M A) 

||A£(p) t || < c*-t . 

(5) For any m € INg and T > there is C > such that for all y € Ujf,, p S 
[-1, 1] and < i < T in C m (U+, {E ® £„) ® A) 

||e(p)*(.,y)-e(0)*(-,y)|| cm < Ct|p| . 

An analogous estimate holds for the partial derivatives in y with respect 
to unit vector fields on lAf,. 

The last statement follows by Volterra development (Prop. 15. 4. 411 : On N 

e ~tD N {p) 2 e -tD% 



= ptjTi-inptT" 1 [ e- U0tD -([D N ,K] s + pK 2 )e^ 



mi 



n=l 

T.tD 



. . . e u ™ tL> N d Uo . . ,du n , 

and the sum is an integral operator whose integral kernel is uniformly bounded in 
< t < T and p e [-1,1]. 

3.5.4. The semigroup e~ tD °. By Cor. 13.1.51 the operator e~ tD ° on the 
Hilbert space L 2 (M,E) is an integral operator with smooth integral kernel kt for 
t > 0. In this section we show that kt defines a strongly continuous semigroup on 
L 2 (M, E eg) f2< M A) and that this semigroup extends to a holomorphic one. 

For D s define e\{x, y) analogously to e(p)^(x, y) for D(p) in the previous section 
and let 

et{x,y) ■= ^2j k (x)et(x,y)(j) k (y) . 

The corresponding family of operators is denoted by E t . We set Eg := 1. The 
properties of E t are as described in the previous section. 
For f €C™ R (M,E) 

„~tD 2 , f 77 f _ f „-sD 2 . ( d i n2 



by Duhamel's principle. 

Proposition 3.5.7. (1) The heat kernel kt associated to D s defines a 

strongly continuous semigroup on L 2 (M, E^Cl<^Ai) with generator —D^, 
which extends to a bounded holomorphic semigroup. 
(2) Let A be a differential operator of order m £ INq with bounded smooth 
coefficients. Then for any t > the operator Ae~ tDs is bounded on 
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L 2 (M,E ® r2<^^4i) and for any T > i/iere zs C > sucft i/iai for 
< i < T 

\\Ae- tD ^\\ < Ct-* . 

Proof. First we show that for T > there is C > such that for < t < T 
the difference A x k t (x, y) ~ A x e t (x, y) is bounded by Ct in L 2 (M x M, E M E*). 

For k E J let \k G C%°(M) be a function with values in [0, 1], with compact 
support in 1l k and equal to one on a neighborhood of supp d^k ■ 

From Duhamel's principle it follows that 

A x k t {x,y) - A x e t (x,y) 

= / A x k s {x,r)[{$ E ) ri c{d~j k {r))] s e k t _ s {r,y)<j) k {y) drds . 

This can be re-written as 

-J2 f f i 1 - Xk{x))A x k s (x,r)[($ E )r,c(d'Y k (r))] s e'?_ s (r,y)(f>k(y) drds 
keJ Jo Jm 

-J2 / / Xk(x)A x (k s (x,r)-e k s (x,r))[(^ E )r,c(d-/k(r))} s e'l_ s (r,y)((> k (y) drds 
keJ J ° Jm 

~5Z / / Xk(x)A x e k s (x,r)[^ E ) r ,c(d lk (r))] s e^ s (r,y)(t) k (y) drds . 
keJ Jo Jm 

Using Lemma 13.1.81 and Lemma 13 . 1 . 91 we estimate the norms of the three terms in 
E X ®E V : 

Since suppc^ n supp = and suppe^ n supp(l — Xk) — 0: there is C > 
such that for x,y G M and t > the norm of the first term is bounded by 

_ ^ _ d(a,supp d-f k ) 2 _ d(y, supp df k ) 2 

C^t{l- Xk {x))e !^ e lsu PP fc (y), 
fee J 

and such that for x,y G M and t > the norms of the second and third term are 
bounded by 

Ct Xk (x)e 3+^ l supP ^(y) • 
When estimating the third term we used that the action of the integral kernel 
e k (x,r)xk( r ) is uniformly bounded for k = ft on C"(Wjh, E ® £L) by Prop. 13.2.21 
and for fc G 2/6 on C%(U k ,E <g> by Prop. |3~4~T1 

Analogous estimates hold for the derivatives in y with respect to unit vector 
fields on M. 

Hence A x k t (x,y) - A x e t {x,y) is bounded by Ct in L 2 (M x M,E El E*) for 
< t < T and some C > 0. By Cor. 15.2.41 the corresponding family of operators 
on L 2 (M, E (g> f2< M .4j) is bounded by Ct for < t < T, hence A x kt(x, y) defines a 
family of bounded operators on L 2 (M, E ® 0< M .4i). 

Write S(t) for the integral operator induced by the integral kernel k t (x,y). 

By property (4) in H3.5.3l there is C > such that ||AE t || < Ct~^ on L 2 (M, E® 
&<fj,Ai) for < t < T and some C > 0, hence 

(*) PSWH < cr^ . 
The fact that S(t) extends to a bounded holomorphic semigroup on L 2 (M,E ® 
^</x^4i) is an almost immediate consequence of (*): 
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Since Et converges strongly to the identity on L 2 (M,E <g> fl^^Ai) for t — ► 0, 
the operator 5(i) also does. Furthermore the kernels kt obey the semigroup law, 
hence S(t) is a strongly continuous semigroup on L 2 (M, E eg) Cl<^Ai). 

Note that the range of S{t) — E t is a subset of Sr(M,E ® ^<^^4j). Hence 
Sn(M, E (£) Cl^fiAi) is invariant under the action of 5(f). It follows that — D 2 S is the 
generator of 5(t). 

From Prop. 15.4.31 and the estimate (*) applied to A = D 2 S it follows that the 
semigroup 5(t) = e~ tD ° extends to a holomorphic semigroup on L 2 (M, E®Q,<^Ai). 

In order to show that the holomorphic semigroup is bounded, let Pq be the 
projection onto the kernel of D 2 . 

By Cor. 13.5.61 there is c > such that {Rc A < c} is in the resolvent set of 
D 2 + P on L 2 (M, E eg) Ct< IJl Ai). Hence by Prop. 15.4.21 the holomorphic semigroup 
e -t(D 2 s +p ) ig b ounc jed. Thus 

e -^. 2 =e -t(^+Po) (1 _p o ) + p o 

is bounded as well. □ 

Recall that in H3.5.1I we fixed the domain of D 2 as an unbounded operator on 
L 2 (M, E eg) Cl<fj,Ai), but not the domain of D s . This is done now: 

Let D s be the closure on L 2 (M,E eg) VL<^Ai) of the Dirac operator $e with 
domain S R (M, E fl^Ai). 

Corollary 3.5.8. Let Pq be the projection onto the kernel of D 2 . 
Let A e C with Rc A 2 < 0. 

Then the operators D s + Pq and D s — A have a bounded inverse on L 2 (M, E eg 

Proof. By Cor. 13.5.61 there is c > such that {Re A < c} is in the resolvent 
set of D 2 +P onL 2 {M,E®h< ll A i ). 

By the previous proposition and Prop. 15.4.21 it follows that there is C > such 
that for all f > on L 2 (M, E <g> Cl^Ai) 

\\(D S + P a )e~ t <- D '+ P «^\\ <Ct-ie~ ct . 

Thus 

G := / (D s + P )e- t(D ' +p ^dt 
Jo 

is a bounded operator on L 2 (M 1 E eg) Q^Ai). Furthermore G = (D s + Po)^ 1 on 
the Hubert space L 2 (M,E). From Cor. 13.5.61 it follows that G acts as a bounded 
operator on Sr(M,E). Hence G inverts D s + P on Sr{M,E) © Cl<^Ai, thus G 
inverts D s + P on L 2 (M, E ® fl^Ai). 
The proof of the fact that 

p oo 

/ (D s + X)e- t ^-^ 
Jo 

inverts (D s — A) for Re A 2 < is analogous. □ 

This answers a question from the beginning of ^3.5.11 the operator D 2 is indeed 
the square of D s . 
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3.5.5. The semigroup e^ tD ^ 2 . This section is devoted to the study of the 
holomorphic semigroup generated by —D(p) 2 . 
First we prove its existence. 

Define D(p) on L 2 (M, E® Ct^^Ai) as the closure of the operator (j) E + pK with 
domain S R (M, E ® Cl<^Ai). 

Let Pq be the orthogonal projection onto the kernel of D 2 S . Then D(p) is a 
bounded perturbation of W* (D„ + P )W with W as in ii2.1.2l By the results of the 
previous section we can apply Prop. 15.4. 101 and conclude that D(p) 2 , as defined in 
H3.5.1I is the square of D(p) and furthermore that —D{p) 2 generates a holomorphic 
semigroup. This shows the first assertion of the following proposition. 

For p let P be the orthogonal projection onto the kernel of D(p) 2 . 

Proposition 3.5.9. (1) Let p G H. The operator —D{p) 2 generates a 

holomorphic semigroup e^ tD ^ on L 2 {M,E® ft^Ai). For p ^ the 
semigroup is bounded holomorphic. 

(2) For t > the operator e^ tD ^ depends analytically on p. For every T > 
there is C > such that 

|| e -^(p) 2 || < c 

for all p G [-1, 1] and < t < T. 

(3) For p =/= there are C, to > such that for all t > 

- P)e~ tD ^ 2 \\ <Ce-^ . 

PROOF. (1) Let p ^ 0. By Cor. 13.5.61 there is c > such that {Re A < c} is in 
the resolvent set of D{p) 2 + P on L 2 {M, E ® £l<nAi), hence by Lemma 15.4. 21 the 
holomorphic semigroup e~ tl ^ D( • p ' ,2+p " , is bounded by Ce~ ct for some C > 0, thus for 
T > there is C > such that for t > T 

\\D(p) 2 e- tD ^ 2 \\ = \\D{p) 2 e- t{ - D ^ 2+p ^\\ < Ce~ ct . 

Now Prop. 15.4.31 implies that the semigroup e~ tD ^ is bounded holomorphic. 

(2) follows from Prop. 15.4.41 

(3) follows from (1 - P) e - tD ^ 2 = (1 - p) e -t(D( P ) 2 +P) _ n 

The following proposition shows that e^ tD ^ is smoothing. 

PROPOSITION 3.5.10. (1) Let n £ IN . For every p e H and every t > 

the operator e~ tD( - p ^ maps L 2 (M, E^VL^Ai) continuously to Cg(M, E® 
&< P Ai). 

(2) Let n G 2IN, n > 4. for euen/ p ^ the family e - tD ^ 2 : C™ R {M,E® 
&<v.Ai) — > C^ _3 (M, £7 (g> fi< M yli) is uniformly bounded. 

(3) Let n£2I, n > 4. For every T > the family e~ tD ^ 2 : C™ R (M,E® 
&<ij.Ai) — > C]^ _3 (M, £ ® f2< M ^4j) is uniformly bounded in < t < T and 
in p G [—1,1]. 

Proof. We conclude (1) from 

e - tD (») 2 = (£(p) 2 + l)- fe (,D(p) 2 + l) fc e - tZ5 (") 2 , 

taking into account that (£>(p) 2 + l) k e~ tD{p)2 is bounded on L 2 (M, E<E> Cl<^Ai) for 
t > and that (D(p) 2 + l)~ k maps L 2 (M, E^Q^A') continuously to C' R k ~ 3 {M, E<%> 
Q<^Ai) for k G IN, fc > 2, by Prop. EDT31 
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(2) and (3) follow from 

e -^(p) 2 = (D(p) 2 + l)- k e- tD ^ 2 (D(p) 2 + l) k 
by Prop. l3~OI □ 

3.5.6. The integral kernel. In order to prove that the operator e~ tDiypS>2 is 

an integral operator we use the same method as in H3.3.2I Via Duhamel's principle 
we compare e~ tDtyP ^ and the approximation E(p) t , which was defined in i J3.5.3l 
In the following | • | denotes the norm on the fibers of (E E*) £g) Ai. 

PROPOSITION 3.5.11. For every p e El and every t > the operator e^ tD ^ 2 
is an integral operator with smooth integral kernel. Let k(p) t (x,y) be its integral 
kernel. 

(1) The map (0, oo) C°°(M x M, (E B E*) <g> Aoo), t i-> k{p) t is smooth. 

(2) k(p) t (x,y) = k(p) t (y,x)*. 

(3) For every T > there are c, C > such that 

\KP)t(x,y) -e(p)t(x,y)\ < Ct{\p\lu+(y) + }_^ e ~ l W^lW) 

fceJ 

for allQ <t <T, pe [-1, 1] and x, y G M. 

(4) Let p 0. There are c, C > smc/i i/ia£ 

- e(p)t{x,y)\ < Cte 
for all t > cmd all x, y S M. 
Statements analogous to (3) and (4) hold for the partial derivatives in x and y 
with respect to unit vector fields on M. 

Proof. For (1) it is enough to prove an analogous statement for the operator 

R -m P ? _ E (p) t . 

Let / S C^(M, £7 (g> A)- Then by Duhamel's principle 
e - tD ^' f - E{p) t f 



feGJ 

We write 



^ / ' L e ~ SD(P)2 + D (p) 2 hk<p)l s (;y)My)f(y) dyds 



d 



kej T 

= -J2WE,c(d 7k )} s e(0) k T (;y)My) 
keJ 

-We, c(d7»)] a (e(p)*(-, y) ~ e(0)*(-, . 

Note that the map 

(0,oo) C°°(M, C^(M, E ® _4oo) ® £?) , 

t " (» -> £(i + ^(P) 2 )e(p)^(-, 2/)<M?/)) 
fceJ 

is smooth. We show that it extends smoothly by zero to r = 0. From this and 
Prop. I3.5.1f)l it follows that e ~ tD(p)2 - E(p) t is an integral operator. 
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of) 



We estimate the terms on the right hand side of the previous equation. 
From the estimates in Lemma 13.1.81 and Lemma 13.4.41 it follows that for any 
m e JNo there are C, c > such that 

\\WE,c(d lk )} s e(0)%y)4, k (y)\\c% < Ce^™^ l suvM M 

in C%(M, E®Ai)® E* for all k G J, < r < T, p e [-1, 1] and y G M. 
Furthermore by M3.5.3I property (5), there is C > such that 

|| [fe, c(d 7 *)] s (e( /9 )*(- ) y) - e(0)*(-, v))fo(y)\\c$ < Cr\p\l Ut (y) 

in C£ l (M, E <g> A) ® £ a for 0< t < T, p e [-1, 1] and y e M. 

Analogous estimates hold for the derivatives in y and also in r since by the 
heat equation the derivatives with respect to r can be expressed in terms of the 
derivatives with respect to x. This shows (1). 

The property k(p)t(x,y) — k(p) t (y, x)* follows from the selfadjointness of 

e -tD(p)\ 

Statement (2) and (3) follow from the estimates using Prop. I3.5.1UI For the 
proof of (3) we also take into account that the kernel e(p)f and its derivatives are 
uniformly bounded in t with t > T. □ 

Corollary 3.5.12. Let v e 3N . For every p £ 1R and T > there is C > 
such that 

\\D(p) v e- tD W\\ < Cr'i 
forO<t<T on L 2 (M, E ® fi< M A)- 

PROOF. By Duhamel's principle, for / E C^JM, E ® tt<^Ai), 
D{pYer tD ^f-D(pYE{p) t f 

= -E/V e- sDip)2 D(priD(p) 2 , lk ] s e(p)l s (-,y)My)f(y)dyd S . 

There is C > such that this term is bounded in L 2 (M,E (g> Cl<^Ai) by Ct for 
< t < T. Furthermore by Prop. l3~T2l and Prop. l3~Q there is C > such that 
on L 2 (M,E® n< M A) 

p(p)"£0>) t || < cr* • 

The assertion follows. □ 

Corollary 3.5.13. For every p ^ and m 6 IN i/ie family of integral kernels 
k(p) t defines a strongly continuous semigroup on C^{M,E ®0,< ll Ai) bounded by 
C(l+t)i for some C > and all t > 0. 

It is denoted by e~ tD ^ as well. 

Proof. By the estimates in the proposition the integral kernel k(p) t — e(p)t 
defines an operator on C^(M, E ® Cl^^Ai) bounded by Ct 3 / 2 for every t > and 
some C > 0. 

We show that E(p) t is a strongly continuous uniformly bounded family of op- 
erators on C%(M, E ® O^A)- 

For k £ 2/6 the action of the integral kernel e{p)\ on CJj (Wfc, J5 ® Q-c^-Aj) is 
strongly continuous and uniformly bounded in t by Prop. 13.4.11 
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By Prop. 13.2.31 and Prop. 15.4.41 the family ^{Dn+pK) 2 ig a s t ron gry continu- 
ous semigroup on C m (N, Em <§5 Cl^Ai). It is bounded since its integral kernel is 
uniformly bounded for t > 1. Hence the action of e(p)f on C" 1 (Wjh, E eg) Cl^^Ai) is 
strongly continuous and uniformly bounded. 

Since E{p)t converges strongly to the identity on C^(Uk, E^Cl^^Ai) for t — * 0, 
so does e~ tD ^ . It clearly satisfies the semigroup property. □ 

Corollary 3.5.14. Let p^O and n e IN. 

For every e > we can find C, c > such that for x,y € M with d(x, y) > e 
and t > 

|fe(p)t(z,y)| < C(e"^#- +te . 

An analogous statement holds for the derivatives in x and y with respect to unit 
vector fields on M. 

We refer to ^5.2.4l for the notion of a Hilbert-Schmidt operator and the Hilbert- 
Schmidt norm || • \\hs used in the next corollary. 

Corollary 3.5.15. Let p ^ and v e IN . 

The operators l Mr D(pf ! e _tD W J and D(pf e- tD{ - p ^ l Mr withr > are Hilbert- 
Schmidt operators. 

(1) For every T > there is C > suc/i t/ia£ for any r > and t > T 

\\l Mr D(pye- tD V>°\\ HS <C(l + r) 

and 

\\D{pye- tD ^\ Mr \\ HS <C{l + r) . 

(2) for every e > £/iere is C > smc/i i/iai /or every r, t > 

||l Mr lWe- iD W 2 (l-lM r+ J|ks < ^(l + r)^ 2 

and 

IKl-lM^We-^^lMjks^Ca+r)* 1 / 2 . 

PROOF. (1) Since by Prop. I3.5.9l the semigroup e~ tD ^ is bounded, it follows 
from Prop. 15. 2. 131 that there is C > such that for all r > and t > T 

\\l Mr D( P ye- tD ^ 2 \\ HS < C\\l Mr D(p) v e- TD V> a \\ H8 . 

By the previous corollary there are C, c > such that 

\l Mr (x)D( P y x k(p) T (x,y)\ < Cl M M(^ cdix - v)2 +^ cd(yMr)2 ) 

for all r > and x,y £ M. This yields the asserted estimate. The second estimate 
in (1) is proved analogously. 

(2) follows from the previous corollary and (1). □ 
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Superconnections and the Index Theorem 

The notion of a superconnection on a free finitely generated Z/2-graded mod- 
ule, which we define now, generalizes the notion of a connection on a free module 

In the family case superconnections usually act on infinite dimensional bundles 
( BGV], Ch. 9). In analogy the superconnections we consider act on modules with 
infinitely many generators. In that sense the following definition should be merely 
seen as a motivation for the definitions of the superconnections to come. 

Definition 4.0.16. Let B be a locally m-convex Frechet algebra and letp,q G 

1N . 

Let V := (C + ) p © (C~) 9 . Consider V <g> £l*B as a X/2-graded space. 
A superconnection ON V <8 B is an odd linear map 

A: V®Q*B^V®£l*B 

satisfying Leibniz rule: 

For a G V ± ® Cl k B and (3 € 

A{a(3) = A(a)(3+(-l) dcsa ad(3 

where dega is the degree of a with respect to the ~K/2-grading ofV® Cl^B. 
The map A 2 is called the CURVATURE OF A. 

As for a connection |Ka| the curvature of a superconnection is a right fi*i3- 
module map. 

4.1. The superconnection A\ associated to Di 

4.1.1. The family e~( A *) 2 . Let C\ be the Z/2-graded unital algebra gener- 
ated by an odd element a with a 2 = 1. As a vector space C\ is isomorphic to CffiC 
via the map C\ — > C © C, a + bo (a, b). We endow C\ with the scalar product 
induced by the standard hermitian scalar product on (D © C. 

We identify L 2 ([0, l],Ci® (f2< M A) 2<i ) with Ci ®L 2 ([0, 1], (n< tl A l ) 2d ) and con- 
sider Z)/, as defined in M3.3.1l with boundary conditions induced by a pair (P , Pi), 
as an unbounded operator on the Z/2-graded ^-module L 2 ([0, 1], Cj <£> ^4 2d ). 

Let U G C°°([0, 1], A/ 2 d(^oo)) be as in Prop. [TO with U(0)P o U(0)* = P s and 
C/(l)PiC/(l)* = 1 — P s . The map {/* dU can be seen as a flat superconnection on 
i 2 ([0, 1], Ci <g> yl 2d ). It preserves the space Ci ® C%>([0, 1], (f2< ([1 A) 2d )- 

We define 

Aj := U*dU + aDj 

and for t > 

:= U* dU + \Tto-D 1 . 
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Then Ai is an odd map on C\ ® C|?([0, 1], (p,< fl Ai) 2d ) fulfilling Leibniz rule and is 
called a superconnection associated to aDj. The map A\ is called the corresponding 
rescaled superconnection. 
The curvature of Ai is 

Aj = U* d 2 U + U* d XJoD l + aDiU* dU + Dj = Dj + a[Dj, U* d U] . 

From 

[Dr,U*dU] = -U*[d,UD!U*]U 

= -U*([d,D Is } + [d,UI (dU*)})U 
= -U* d(UI (dU*))U =: R 

it follows that Aj = Dj + aR with R g C°°([0, 1], M 2 d(^iA 00 )) vanishing near the 
boundary and fulfilling R* = — R. 

The curvature of the rescaled superconnection A\ is 

{A\f = Wj + ViaR . 

We see that the curvature and the rescaled curvature are right il<^Ai-modnle maps. 

Since Aj is a bounded perturbation of Dj , it defines a holomorphic semigroup 
e- ti ?onI 2 ([0,l],C 1 ®(fl<^) M ). 

In the following we restrict to t > 0: 

By Volterra development 

oo 

-tA 2 T _ \ -/ 1 \7litl / -UntDi „r>„-u 1 tDir> „—U n tDi 



e' tA '' = V(-l) n f / e- UotD hRe- ultD ^aR...e- UntJJ i du ...du n 

n=0 JA n 

OO 

5>»(-l)^t«I„(t) 



with 

I n (t) := / e - UotD 'Re- UltD ''R...e~ u - tD '' du ...du n 



A" 

Note that the series is finite on L 2 ([0, 1], d ® (^< AI A) 2d )- 
It follows that 



e = ^ a"(-l) i ^t n / 2 / n (t) . 

n=0 

The operators I n (t) obey the following recursion relation for n > 1: 

J„(t) = / du Q e- UotD2 ' R [ e- UltD " R . . . Re- u " tD2 ' dm . . . du n 

du (1 - uo) n ~V" oi£, 'i? / e-f 1 - Uo)ui " ,? J R. . . 

J A"- 1 

d m (1 - u )"- 1 e-" *^ J R/ n _i((l - uo)t) • 

Note that e~^) 2 is selfadjoint on L 2 ([0, 1], Ci ® (^< Al A) 2d ) in the sense of H5.2.3I 
and that J n (t) = (-l) n I n (t)*. 
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4.1.2. The integral kernel of e~( A ^ . Since e~ tD ' is a bounded semigroup 
on C^([0,l],(fi^A) M ) for every m £ JN by Prop. EOH the family I n (t) : 
Cj£([0, 1], A\ d ) -> <7£([0, 1], (f2„A) 2d ) is uniformly bounded in i > 0. 

In the following we write | • | for the norm on M2d{^<^.Ai). 

Proposition 4.1.1. For every n g INo and t > the operator I n (t) is an 
integral operator. Let p t (x,y) n be its integral kernel. 

(1) The map 

(0, ex.) -> C°°([0, 1], C£([0, 1], M M (nX))), *->(!/-> Pt(-, y) n ) 

is smooth. 

(2) p t (x,y) n = (-l) n ( Pt (y,x) n )*. 

(3) -For every l,m,n € INo i^ere are C, a; > suc/i i/iai /or i > and x,y £ 
[0,1] 

|3^>(z,y)"| < C(l + r i±2 S ±i )e- w * . 

Proof. In degree n = the assertions hold by Prop. 13.3.41 and Cor. 13.3.61 

Let kt(x, y) be the integral kernel of e~ tD ' . 
For/eC£([0,l],(n< M A) 2d ) 



(I n (t)f)(x)= / / (l- S )"- i fc st ( a; ,r)i?(r)p (1 _ 5 . )t (r,yr- i /( 2/ ) dydrds 
Jo Jo Jo 

by induction and by the recursion formula above. 
We can interchange the integration over r and y. 

For the proof of the existence of the integral kernel and of (1) it suffices to show 
that the map 

(M)-> (»~ / (1 - (•, r)R(r)p (1 _ s ) t (r, y) n_1 <2r) 

Jo 

is a smooth map from [0, 1] x (0, oo) to C°°([0, 1], C£?[0, 1], M 2 d(fi„A))): 
For s > \ this follows from the fact that by induction the map 

(s,t)^ (y^ Rp^^i-^r- 1 ) 

is a smooth map from [|, 1] x (0,oo) to C°° ([0, 1], C£?([0, 1], M 2< j(f2„A)))- Fur- 
thermore the family e^ stD ' is uniformly bounded on C l R ([0, 1], M2d(& n Ai)) for any 
Z £ IN by Prop. 13.3.31 and depends smoothly on s, t. 
For s < \ this holds since 

(s,t) ^ (x» R*k st (x,-)*) 

is a smooth map with values in C°°([0, 1], C^([0, 1], M2d(&iAi))) and since the 
action of the family 7„_i((l — s)t)* on C]2. l ([0, 1], M2d{&< f iAi))) depends smoothly 
on s, t and is uniformly bounded for any m £ INo. 
Assertion (2) holds since I n (t)* = (-l) n I n (t). 

The preceding arguments and the following facts imply the estimate in (3): 
By induction there is C > such that the norm of (y i— > i?p(i_ s ) t (-, in 

C m ([0,l],C l R ([0, 1], M 2 d{£lnAi))) is bounded by C{1 + t~ ttI % ±1 )e- UJt for < s < 
^, £ > 0. Furthermore by Cor. 13.3.61 the norm of (a; i— > R*k s t(x, •)*) is bounded in 
C l ([0,l],C%([0,l],M 2d (n 1 A i )) by C(l+^ i± ^ ±i )e-" t for s > \, t>0. □ 
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The proof of the previous proposition did not use the fact that Dj + aR is 
the curvature of a superconnection. Hence an analogous argument shows that 
e -t( D i 3 + aR ) i s an integral operator whose integral kernel can be written as 



n=0 

with (y ^pl (-,y) n ) G C°°([0, 1], C% ([0, 1],M M (M,)) for iZ = {P s , 1 - P s ). 

Lemma 4.1.2. For every l,m,n G INo and e, o" > i/iere is C > swc/i t/iai /or 
x, y € [0, 1] urei/i d(x, y) > £ and all t > 

|43;>?(z>2/) n | <Ce-™ . 

Proof. In degree n = the assertion holds by Lemma f3. 1.21 
Let 17 = e/4. 

Let % : H — > [0, 1] be a smooth function with x(x) = for x > rj and %(x) = 1 
for x < 77/2. 

Let fct be the integral kernel of e~ tD 's . 
For l,m G IN 

3<3™ Pi s (x,y)" 



./o 
1 



Jo 



(1 - ^"-^^(as.OTeH^.OJ^^^^r.y)*- 1 ^ 
(1 - S )"- 1 a^ st (x,r)F(r)(l - X (d(x, r))) . . . 

' (1 - sT^dlk^x, r)F(r)(l - X (d(x, r))) . . . 
(1 - X {d{r,y)))d™pl x _ s)t {r,yY- l drds . 



Jo 



We begin by estimating the first term on the right hand side: By induction 
there is C > such that for x, y € [0, 1] with d(x, y) > e, < s < 1 and t > 

WRxid^x^pl^yy- 1 ^ < Ce~ (d ^%f 



inC l R ([0,l],M 2d (n n Ai)). 



Since the operator e stD is is uniformly bounded on C l R ([0, 1], M2d(O n .Aj)), the 

_ (d(a;,y)-7?) 2 

first term is bounded by Ce ( 4 + 6 >* . 

An analogous bound exists for the second term: By Lemma 13.1.21 there is 
C > such that for all x, y G [0, 1] with e£(x, y) > e and < s < 1 and t > in 
C£([0,l],M M (fi„A)) 



(d(a:,a)-T7) 



|| (4fc si (x, 0-R)*(l - X(d(; x))) X (d(; y))\\c% < Ce 
Furthermore the integral kernel (y,r) 1— > (d™pj 1 _ s ^ t (r,y) n )* induces a uniformly 
bounded family of operators from C£([0, 1], M M (fi<^)) to Cr([0, 1], M 2d (fi< M A)). 

d(x,i,) 2 

The third term is bounded by Ce ( 4 + 5 >* since by Lemma [3. 1.21 
\d l x k st (x, r)F(r) (1 - X (d(x, r))) | < Ce^T^ 
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and by induction 

|(1 - x(d(a=.r)))^ 1 _, )t (r, tf ) n - 1 | < Ce"^?--)* 

for all x,y,r £ [0, 1], all < s < 1 and i > 0. 

Hence there is C > such that for all x, y £ [0, 1] and all t > 

, (d(=c,y)-e/2) 2 

|4c£X(x,2/)"| <Ce . 
The assertion follows now from Lemma 13.1.61 

□ 

As in we apply Duhamel's principle in order to obtain an estimate for 

the kernel pt{x, y) n : 

Recall the definitions of (frk,7k, fe = 0, 1, in H3.3.2I 

By Lemma H .4.31 we can find unitaries Uk € M 2 d(Ax>), k — 0,1, with Ukh — 
I U k and U k P k Ul = P s . 

Let W„(t) be the integral operator with integral kernel 

u$(x,y) n :=U* k p s t {x,y) n U k 

and denote by W n (t) the integral operator of 

w t (x,y) n := j (x)wt(x,y) n <f> (y) + j 1 (x)w](x,y) n (j) 1 {y) . 

Set W (0) := 1 and W n (0) := for n > 1. Then W„(t) is a strongly con- 
tinuous family of operators on Z/ 2 ([0, 1], (Cl< tIi Ai) 2d ) for all n e 1N . For / e 
C^([0,l],(fi< M A) 2<i ) the map [0,oo) -> L 2 ([0, 1], (£l< tl A i ) 2d ) , t >-> W n (t)f e 
L 2 ([0, 1], (f2< M A) 2d ) is even smooth. 

Furthermore for t > the range of W n (t) is in C|?([0, 1], (f2< M A) 2d )- 

Hence Duhamel's principle yields for / € C^([0, l],.4 2,i ): 

oo 

= -/ ^(^+A 2 )^ ( T»(-l)^(i- S )«^„(t- S )/d S 

= A"^ E f^v n (-V^(t - s) n [y k ,D*] s W*{t- s)cl> k f ds 
•'° fc=0,ln=0 
oo n „t 

= E^E^' 1 "" / ^(t-^x-,-^)... 

n=0 j=0 ^° 

• •• ^ (y*fl+fly fc )wf(t-*)^/d» 

k=0,l 

with fc(n,i) = . 
It follows that 

(*) (/„(t)-w n (t))/ 

i=o ^° fe=o,i 
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PROPOSITION 4.1.3. For every l,m,n £ TN and every 5 > there is C > 
such that 

d(y ,supp "fi)"^ 

\d l x d™p t (x, y r-d l x d™w t (x, y T\<ct £ e — ™-i supp0fc ( y ) 

fe=0,l 

for all t > and aZZ x,y £ [0, 1] . 

Proof. The proof is as for e~ tD ^ (see Prop. I3.3.4[l . 

From the previous lemma it follows that for every j £ 1N and k = 0, 1 there is 
C > such that 

H(7 , fc » + »7 / fc )flrK-.(- > w)V*(y))llci t < Ce w^i supp0fc(y) 

for all y £ [0, 1], all t > and < s < t. From this estimate, from the fact that 
In-j(s) is a uniformly bounded family of operators on Cjj([0, 1], M 2t z(^<n-4i)) and 
from the equation (*) one deduces as in the proof of Prop. 13.3.41 that 

\\d™p t {;y) n -d™w t {;y) n \\ c i R < Ce ™^l supp ^( y ) 

for all y £ [0, 1], all £ > and < s < t. □ 
Corollary 4.1.4. For every l,m,n £ 1N and e > there are c, C > such 

that 

\dld™ Pt {x,y) n \<Ce- d -^ 
for all x, y £ [0, 1] with d(x, y) > e and all t > 0. 

Proof. Note that the assertion is equivalent to the assertion that for every 
l,m,n £ INg and e > there are c, C > such that 

\d l x d™ Pt (x,yr\<Ce-it 

for all x, y £ [0, 1] with d(x, y) > e and all t > 0. The estimate follows for < t < 1 
from the previous proposition and Lemma |4 . 1 . 21 since supp7^, n supp^fc = 0. For 
t > 1 it holds by the estimate in Prop. 14.1.11 □ 

4.1.3. The ?7-form. In the following (Djp t )(x, y) n denotes the integral kernel 
of Dil n (t). 

Lemma 4.1.5. For every n £ INq the integral 

/ t^ / tr(D lPt )(x,x) n dxdt 
Jo Jo 

is well-defined in Q.*Aoc/[&*Aoc, ^*Aoo] s . 

Proof. The integral converges in Cl< tl Ai/\p,< ) _ l Ai 1 (l^^A^s f° r an n,n,i£ 1N : 
For n = and t — > the convergence follows from Cor. 13.3.81 for n > and t — > 
and for n € INq and i — > oo it follows from Prop. 14.1.11 For the convergence in 

fiAo/[^*Ax>,f2*Ax>] s apply Prop. HTSI □ 

Let tr CT (a + o~b) := tr a for a,b £ M2d(Q*Ai) and let Tr CT be the corresponding 
trace on integral operators. 
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Definition 4.1.6. The //-form of the superconnection Ai is 

Y poo ^ j 2 

r?(Aj) := -= / t-?Tr a D ie - {A ' )2 dt Cl„,A cc /[ClxAca,&*A C o]s ■ 
Jo 

Since 

r^j) = — V(-l)" / i n "* / tr^X*,*) 2 " dxdt 

the 77-form is well-defined by the previous lemma. 

For e e]0, \] let Ai(e) :— U* dU e + crDj be a family of superconnections with 
supp(C/ e - 1) C [0, e] U [1 - e, 1] . 

Proposition 4.1.7. TVie Hmzi lim ^(^/(e)) existe and does not depend on the 

e^O 

choice of U e . 

PROOF. Let R £ := [Dj 7 U* d U £ ] . It suffices to prove that for y, z e [0, 1] and 
s, t > the limit 



lim / k s (y, x)R e (x)kt(x, z) dx 
Jo 



exists and does not depend on the choice of U s . 
Let f(x) := k s (y,x) and g(x) := k t (x, z). 
Then 



/ f{x)Rs{x)g{x) dx 
Jo 

= f f{x)[hd x ,U*{x)dU e {x)]g{x) dx 
Jo 

= [ d x (f(x)I U;(x)dU e (x)g(x)) dx 
Jo 

-f f(x)I U:(x)dU e (x)g(x) dx- f f(x)I U:(x)dU e (x)g , (x) dx 
Jo Jo 

= f(l)IoU:(l)dU £ (l)g(l)-f(0)I U:(0)dU e (0)g(0) 

-f f(x)I U:(x)dU e (x)g(x) dx- f f(x)I U:(x)dU e (x)g / (x) dx 
Jo Jo 

f'(x)I U*(x)dU e (x)g(x) dx- / f(x)I U;(x)dU e (x)g'(x) dx 



Since for e — > and x <E (0, 1) the term U*(x) d U e (x)g(x) resp. U*(x) d U e (x)g'(x) 
converges to dg(x) resp. dg'(x), it follows that 

lim f f{x)R £ (x)g(x) dx = f(0)I dg(0) - /(l)7 d 5 (l) . 
Jo 

□ 

Definition 4.1.8. We call 

r)(P ,Pi) := lim i rfMe)) 

e^O 

the ?7-FORM ASSOCIATED TO THE PAIR (P ,Pi). 
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4.2. The superconnection associated to Dz 

Let (Po, Pi) be a pair of transverse Lagrangian projections with Pj G M 2 d(Aoo) , 
i = 1, 2, and let Pz be the operator on L 2 (Z, (VL< ll Ai) Ad ) with boundary conditions 
(P , Pi) as in $£3 " 

Let P € C°°([0, l],M2d(-4oo)) be as in Prop. EOwith P(0)P P(0)* = P s and 
P(l)PiP(l)* = 1 — P s . We consider U as a function on Z depending only on the 
variable x 2 and set 

W :=U®U eC 0O (Z,M 2d (A O o)) ■ 

We call Az := W* dW + Dz a superconnection associated to Dz and /If := 
^dlV + \ftDz the corresponding rescaled superconnection. 
The curvature is 

A% = D 2 +[W*dW,D z ] s 

= D 2 +W*[d,Wc(dx 2 )d X2 W*} s W 

= D%- c(d Xl )W*[d,WId X2 W*] s W 

= D% - c{dxi)W* d(WId X2 W*)W 

= P| + c(dx 1 )(R®(-R)) 

with R = -U* d(UI (dU*))U. 

Let R = c{dx x ){R ® (-R)). Then R E C°°{Z, M 4d (&<»Ai)) and R* = R. 
We have a holomorphic semigroup e~ tAz on L 2 (Z, (£l< fl Ai) 4:d ). 
From recall that e~ tDz = e~ tD ^ e~ tAm - . 
By Prop. 14. 1.11 the operator 

I n (t) = f e- UotD 'Re- UltD 'R. . . e ~ UntD * du . . . du n 

is an integral operator. Its integral kernel is denoted by p\ (x, y) n . 

Since e~ tAm commutes with R and c(dxi) commutes with e~ tE>z and R(B (— R), 
we obtain from Volterra development: 



e -tAi 



-- £(-!)"*" / e- UotD zRe- UltD zR...e- u " tD z du ...du n 

n=0 

oo „ 

= y(-l)"t"e-* Am / e- Uatb2 >Re- Ulti}2 'R...e- u ™ tb2 ' du ...du r 

n=0 

OO 

= ^(-l)"rc(da;i)" e -* A -(p(t)e(-l)"P(t)) . 

n=0 

We define 

pf(x,yr :=c(d Xi r^= e- i ^ 1 (p I t (x 2 ,y 2 ) n ®(-irp I t (x 2 ,y 2 r) . 
The integral kernel of e~ tAz is 

oo 

£(-irt n pf(*,io n 

n=0 
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and the integral kernel of e~( A * ) 

oo 

Note that for all multi-indices a, ft £ IN 

tr s d^pf(x,y) n = 0. 

Furthermore 

(D z ) x pf(x,y) n =c(dx 1 )(d Xl +Id X2 )pf(x,y) n . 
Since tv s c(dxi)d Xl pf (x, y) n vanishes for x\ = yi and tv s c(dxi)Id X2 pf (x,y) n van- 
ishes for all x, y £ Z, 

tv s (D z ) x pf(x,y) n = 

if x = y. 

Furthermore the integral kernel pf(x,y) n satisfies the following Gaussian esti- 
mate: 

Lemma 4.2.1. Let a, (3 £ JMq. For every e > there are c, C > smc/i that for 
all x,y £ Z with d{x 1 y) > e and all t > 

\d^pf(x,yr\<Ce-^ . 

Proof. The assertion follows from Prop. 14.1. H and Cor. 14.1.41 The arguments 
are as in the proof of Lemma fa. 4. 41 □ 

4.3. The superconnection A(p) t associated to D(p) 

4.3.1. The family e~ A( - p) * . In M3.5.1l we fixed r ,b > such that 

suppfcif n ({F(r ,b ) x M) U (M x F(r ,b ))) = . 

Let W £ C°°(Af,End + E <g) Aoo) be as in H2.1.2I such that W is parallel on {x £ 
M | d(x,dM) > b }. Then [W,K] S = 0. 

We define a superconnection associated to D(p) on the 2/2-graded Armodule 
L 2 (M,E® Ai) by 

:= W*dW + £>(/>) . 
The corresponding rescaled superconnection is 

A(p) t := W* dW + VtD(p) . 

The curvature of A(p) is 

A{pf = W*d 2 W +[D(p), W*dW] s +D(p) 2 
= D{p) 2 + W*[d,Wc(dW*)] s W 
= : D(p) 2 +TZ. 

We used Prop. [TO and [W, K] s = 0. 

Then K £ C°°(M, End£ ® £l<iA t ) with K* = K. In the flat region 

U\ F = W*[d,Wc{e 2 )d e2 W*)} s W 

= -c{ei)W* d{WId e2 W*)W . 

Furthermore 1Z vanishes on {x £ M \ d(x,dM) > bo}- 

For every k £ 2/6 the restriction of 1Z to U% is of the form c(ei)(i? © (— R)) 
with R £ C°°(Uk, M2d(&<iAi)) and R is independent of the variable x\. 
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The rescaled curvature is 

A(p) 2 = tD{pf + VtTZ . 

As expected, A(p) 2 and A(p) 2 are right r2< M .Ai-module homomorphisms. 

Since A(p) 2 is a bounded perturbation of D(p) 2 , it generates a holomorphic 
semigroup e~ tA(p)2 on L 2 (M, E ® 0< M A)- 

In the following we assume that t > 0. 

By Volterra development 



e -tA{pY 



OO „ 

„=o 

OO 

=: £(-l)W n (p,f) . 



n=0 

It follows that 



e -^(p)? = J2(-iyH n/2 i n ( P ,t) . 

For p =^ the family £ i— ► i) is uniformly bounded on L 2 (M, E ® r2< M ,4i). 
By Cor. 13.5. 131 it acts as a strongly continuous family of operators on CJj (M, E (g> 
^</x*4i) and there are C, I > such that the action is bounded by C(l + i)\ 



4.3.2. The integral kernel of e~ A ^t . In this section we prove that I n (p,t) 
is an integral operator for t > 0. As usual we construct an approximation of the 
family /„ (p, t) by a family of integral operators and compare it with /„ (p, t) by 
Duhamel's principle. 

Let U{r ,b ) = {U k }keJ, {<t>k}kEJ and {jkjkeJ be as in H3.5.1I 

For k 6 2/6 the function W|i4 : Uk — > M^Axj) does not depend on the 
coordinate x^. We extend it to a section W k ■ Zk — > M^-Aoo) independent of x^" 
and define the superconnection Az k := W£ dW k + Dz k , which coincides oni/t with 
the superconnection A(p). 

For k s 2/6 and n € IN"o let w{p)t(x,y) n be the restriction of p t k (x,y) n to 
U k y.U k . 

Let furthermore w(p)*(x, y)° be the restriction of the integral kernel of e~ tDjv ' p ^ 
to x and set w(p)f(x, y) n = for n > 0. 

The reason for this is that ^4(/o) 2 equals D(p) 2 on 
We extend w(p)^(x, y) n by zero toMxM and set 

ti;(p)t(a? ) tf) B :=^7fc(^)w(p)i(^,y)>fc(y) • 

feGJ 

Write Wn(P)^) for the corresponding integral operator. It is a bounded operator 
on L 2 (M, E ® f2< M A) and on C£(M, E ® Q^A). 
Set Wo(/9,0) = 1 and W n (/>,Q) = for n > 0. 

Then for / G L 2 {M,E® Cl^Ai) the family W n (p,t)/ e L 2 {M,E® Cl^Ai) 
depends continuously on t for all t € [0, oo), and for / 6 C£? C (M, ® At) even 
smoothly. 
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For / G Cr c (M, E®Ai) Duhamel's principle yields: 

OO 



n=0 



/ ^^(di + A{P)2) E E - s T^ W niPi t ~ *)M ds 

/ e sA (P ? j2i lk ,D( P ) 2 ] s x;(-i) n (* - - rf S 

OO pt n 

E(-!)" / E s '" m ( i - s ) ro/ «— o» s ) • • ■ 



n=0 u m=0 

•••^[ 7fc ,^(p) 2 ],^(p,t- S )0 fe / rf,S . 
fcgJ 

Hence 



(/«(p,t)-w'„o>,t))/ 



-r 



Jo m=0 fee J 

In the following proposition | • | denotes the norm on the fibers of (EME*)(g)Cl<^Ai. 

Proposition 4.3.1. The operator 1 n {p,t) is an integral operator fort > 0. Let 
p(p)t{x,y) n be its integral kernel. 

(1) The map (0, oo) -> C°°{M x M, (E M E*) <g> n n Aoo),t i-> p(p) r t l is smooth. 

(2) p(p) t (x,yr = (p(p) t (y,xry. 

(3) For every T > there are C, c > swc/z £/za£ 

. w * d(y , supp d~/u )^ . 

|p(p)t(x,y)" - tw(p) t (a:,i/)"| <Ct {\p\l u *{y) + £ e ^^l S up P0fc (i/)) 

fe-GJ 

/or allO <t <T, p e [-1, 1] and a// x, ?/ £ A/. 

(4) Lei /O 7^ 0. TTien i/iere are C, c > and j € IN suc/i i/ia£ 

|p(p)t(^j/) n -Kp)*(^y) n l <ct(i + ty e -^^ 

/or all t > and all x,y G M . 

Statements analogous to (3), (4) hold for the partial derivatives of p(p) t {x,y) n in 
x of y with respect to unit vector fields on M. 

PROOF. The proof follows the proof of Prop. 13.5.111 

In order to show the existence of the integral kernel and (1) we need only 
investigate I n (p, t) - W n (p, t). 
For / G C%{M,E®Ai) 

(I n (p,t)-W n (p,t))f 

= t~ n / ^ S "- m (i- S ) m /„_,4p, S )^[c(a' 7 fe),I3] sW (p)t s (.,y)"Vfe(y)/(y)^ 
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For p 6 1R and £ > the family I n -m(p,s) is uniformly bounded on C^(M, 
^</x-4i) in s < <. 
The function 

T ~ (v ~ Et c ^)> ^Wp)^-. y) m ^(y)) 

feeJ 

is smooth from (0, oo) to C l (M, C^ C (M, E (gi Cl< m +iAi) <E> E*) for any I, v £ IN . 

If k £ 2/6, then by Lemma f4. 2. II there are c, C > such that for all y € M 
and < t 

\\{c(d lk ),D} s w h T (;yrMy)\\c» < Ce- ^""^ 2 l 3upp<t>k (y) . 

Furthermore w(p) J ^(x,y) m — for m > 0. The kernel w(p)*(x,y)° is equal to the 
kernel e(p)f(x, y) in the proof of Prop. I3.5.11l and was estimated there. It follows 
that for T, S > there is C > such that 

d(^,suppd7j( t ) 2 

|| [c(d7fe), Z>] a ti»(p)*(-, < C(e +r|p|)l supp ^(y) 

for y £ M, p £ [-1, 1] and < r < T. 

Analogous estimates hold for the derivatives in y and also in r by the heat 
equation. This shows that the function above extends smoothly to r = 0. The 
existence and (1) and (3) follow now by the usual arguments. 

Assertion (2) follows from I n (p,t)* = I n (p,t). 

(4) follows from the estimates by taking into account that for every p ^ there 
is C > and j € IN such that the norm of I n {p, t) on C l R (M, EgiCl^^Ai) is bounded 
by (7(1 + t) j for all* > 0. ' □ 

We deduce the following estimates for later use: 

Corollary 4.3.2. Let p ^ 0. For every e > and m,n £ IN i/iere are 
c, C > and jgfj such that for t > and x,y £ M with d(x, y) > e 

\D{p)™p{p) t {x,y) n \ < C{l+ty(e- d -^ +e- dJl ^ L ). 
Proof. This follows from the proposition and Lemma f4. 2. II □ 

Corollary 4.3.3. Let k £ Z/6. 

(1) For every T > and m,n £ TNq there are c, C > such that for all 
x,y £ Uk, for < t < T and p £ [—1,1] 

\D(py: P (p) t (x,y) n - (D Zh )Zp?*(x,y) n \ < Ce'^ . 

(2) For every p ^ and n £ TNq there are c, C > and j £ IN smc/i f/ia£ /or 
all x,y £ Uk and t > 

|£>(p)™p(p) t (x s y)« - (CzJ™pf*foy) n l < c(i + ty e -^ d . 

4.4. The index theorem and its proof 

4.4.1. The generalized supertrace. In the following tr s denotes the super- 
trace on the fibers of (E g) E*) ® f2< M .4i and Tr s the corresponding supertrace for 
trace class operators (see M1.3.2|l . 

Let x '■ IR - * [0, 1] be a smooth function with x( a; ) = 1 for x < and x( x ) = 
for x > 1. Let (f> r : M —> [0, 1], r (x) := x(d(M r ,af)) for r > 0. 
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Definition 4.4.1. Let K be a bounded operator on L 2 (M,E <g> Cl^Ai) such 
that 4> r K(j) r is a trace class operator for all r > 0. Then we define the generalized 
supertrace 

Tr s K := lim Tr s ( tfi r K(j) r ) 

r — >oo 

if the limit exists. 

For trace class operators the generalized supertrace coincides with the usual 
one. Note that in general it does not vanish on supercommutators. 

Proposition 4.4.2. For peE and t > the generalized supertraces 

Tr s e~ A ^ 

and 

Tv s D(p)e- A ^ 

exist. 

PROOF. We show the assertion for e - " 4 ^- 1 * , the proof for D(p)e^ At - p ^ is anal- 
ogous. 

The operator (j> r e~ A ^t <j) r is trace class for t > since 

^e^Ur = (cb r e~ A(p) t /2 )(e- A ^/ 2 cb r ) 

is a product of Hilbert-Schmidt operators. The operators 4> r I n {p, t)4> r are also trace 
class for t > 0. 

We sho w that ti s p(p) t (x,x) n is in L 1 {M,(l< ll A i /[VL< tIl Ai,&< ll A l ] s ). 

By Cor. 14.3.31 there are c, C > such that 

\p(p) t (x,x) n -pf<°(x,x) n \ < Ce- Cd ^- U *f 

for all i€Kt. 

Since tr s p? k (x, x) n = by $OJ 

\tr s p(p) t (x,x) n \<Ce- cd( - x ^ 2 . 
Now the assertion follows. □ 

4.4.2. The limit of Tr s e~ A ( p )* for t — > oo. This section is devoted to the 
proof of 

Theorem 4.4.3. Let p ^ 0. 

Let Pq be the projection onto the kernel of D{p). Then for T > there is C > 
swc/i £/ia£ /or all t > T 

oo 

|Tr s e- A ^ - V (-lf-TrJPo^dW^Po) 2 ' 1 ! < Ct^ 

n— 

and 

|Tr SJ D(p)e- A ^* 2 | < Ct" 1 

m 0< M ^4i/[f2< Ml 4.j,fi< M A]s- 

Note that (P W r dT^*P ) 2 " = W(W* P W)(d{W* P Q W)) 2n W* by LemmaEU 
hence (PqW d W*Po) 2n is a trace class operator on L 2 (M, E ® VLk^Ai). 
The proof is subdivided into some lemmata. 
Throughout the section p ^ is fixed. 
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In the following | • | denotes the norm on &< ll Ai/]p,<. ll Ai, VL<^Aj\ s resp. the 
fiberwise norm of (E ME*) ® tl<^Ai (depending on the context), and || • || denotes 
the operator norm of B(L 2 (M,E £g> Ct^^Ai)). Furthermore we make use of the 
Hilbcrt-Schmidt norm || \\hs and the trace class norm || \\tr, which are defined in 
SE23|and ^5T5l 

Lemma 4.4.4. Let i/ = 0,1. For any T > there are e, C > such that for all 
t > T 



\Ti s D(p) v e- Aip} ; - Ti s <j> 2 t D( P ye- A t p) * \ < G 



e et 



Proof. We prove the case v = 0, the case v = 1 can be proved analogously. 
By Cor. 14.3.31 there are c, C, r > such that 

\p(p)t(x,x)» -p?»(x,x) n \ < C(l +tye- ita ^ 1 

for t > and x eUk with k <E Z/6. 

Hence for T > there are c, C > such that for all x £ M and t > T 

\ti sP {p)t{x,x) n \<Ce- ii ^- 
and thus there are C, e > such that for all f > r 

2 P -A(p)?| = | Tr n _^2 V -A(p)?| 



iTt.e-^W-T^e-^l = |Tr s (l 



Ce 



-zt 



□ 



Let Fx := 1 - P . 

Lemma 4.4.5. Let v = 0, 1 and fc e INq. TTien i/ie integral 

[ faDipyP^-^^tfnPxe-^^rfll . . . nPie- u " tD< -^ 2 fa duo... du k 

converges in the space of trace class operators and for T > there are C, e > such 
that for all t > T the norm 

|| / (foD(j>) v P l e^ tD W'TlP 1 e^ w b) a R..w 1 e^ tD W'<k) du . . . du k \\ TR 

is bounded by Ce~ et . 

Proof. Note that for any (uq, . . . Uk) € we can find i G {0, 1, . . . , A;} such 
that Ui > 

We begin by showing that for any T > there are C, e > such that for 
— j-y < m < 1, for < Uq, . . • , Ui-i < 1 and for t > T the family 

(j> t D{p) 1 ■ p ie ~v tD{ P y > nPie -uitD( P y 2 n me -^tD( P ) 2 

is a family of Hilbcrt-Schmidt operators with Hilbcrt-Schmidt norm bounded by 
Cu Q 2 e~ £t . If not specified the estimates in the following hold for < Ui < 1, 
for < Uq, . . . , Ui-i < 1 and for t > T. 
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We have that 

<f) t D{ P yP l e- U0tD ^ 2 nP 1 e- UltD{p)2 'R . . . HP^-^* 13 ^' 

+ </ H D(pyp 1 e- uotD M 2 iz . . . p^-^^n^t+^p^-^ ^ 2 (i - 0* +6 ) 

+^ t D{pyP 1 e- u ° tD ^ 2 K . . . P ie - u ^ tD ^ 2 TZ(l - (t+6) )F ie -^ tD W 2 (l - <£ (t+6) ) . 

Consider the first term on the right hand side. By Cor. I3.5.15l thc Hilbert-Schmidt 
norm of e~~^ tD ^~ 4>(t+6) is bounded by Ct. 

Furthermore by Prop. 13.5.91 and Cor. 13.5.121 there are e, C > such that the 
operator norm of 

cf) t D(p) v P 1 e- UotD(p ') 2 1lP 1 e- UltD( > p)2 K . . . TlP x e'^ tD ^ 2 

is bounded by Cu 2 e~ et . 

Hence (see Prop. 15. 2.1311 the first term is a family of Hilbert-Schmidt operators 
with Hilbert-Schmidt norm bounded by Cu 2 e~ Et . 

In the second term the factor 

(f+6) P ie -^ tD ^ 2 (l - (t+6) ) = (0 (t+6) e-^ tc ^ 2 )P ie -T^(p) 2 (l - (t+fl) ) 

is a Hilbert-Schmidt operator bounded by Ce~ et for some C, e > 0. Hence the 
second term is bounded in the Hilbert-Schmidt norm by Cu 2 e~ et . 

The estimate of the third term requires more effort. We prove by induction on 
j £ IN that there is C > such that 

(j>tD(p) u Pie- UatD ^nPxe- UxtD ^1l . . . Pye-^V? (1 - (t+6) ) 

is a Hilbert-Schmidt operator with Hilbert-Schmidt norm bounded by Cu 2 (1 + t) 
for t > T and < uq, . . . ,Uj < 1. Then it follows that the third term is uniformly 
bounded by Ce~ £t for some C, e > since P 1 e~^ tD ^ 2 is exponentially decaying 
for t — > oo by Prop. 13.5.91 

For j = the assertion follows from Cor. 13.5. 151 bv 

^DipYP.e-^^il-^)) 

= cp t D{ P Ye^ tD ^ 2 {l - (t+6) ) - J> t D(pyP (l - J> (t+e) ) . 

Now assume the assertion is true for j — 1. We have that 

cp t P l D(pYe- u ° tD ^ 2 1lP 1 . . . KPye-^W* (i _ (t+6) ) 

= 4> t P x D[p) v e- UotD{ tf P-JLPx . . . 

Pie -u 3 -itD( P ) 2 PiU(j){t+3)Pie -u 3 tD( P ) 2 {1 _ 0(t+e)) 

+ &PiD{pY e- UotD{p)2 Pi . . . 

P ie -«j-i«W a Pl (l _ (t+3) )^P ie -^ tI3 W 2 (l - (t+6) ) . 

Both terms on the right hand side are bounded in the Hilbert-Schmidt norm 
by Cuq"^ 2 (1 + t) for all t > T and < Uq, ...,Uj < 1: the first term since 
0(t+3)Pie~ MjtD(p)2 (l - 0(t+ 6 )) is bounded by C(l + t) by Cor. 13. 5.1,5l the second 
term by induction. 

This shows the claim from the beginning of the proof. 
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An analogous argument yields that for any T > there are C, e > such that 
the family 

P ie -^ tD ^ 2 KPie- u ^ ltD[p)2 K . . . Pie~ UktD[p)2 <j) t 
is a family of Hilbert-Schmidt operators with Hilbert-Schmidt norm bounded by 
Ce~ et for all Ui > ^rj, < u i+1 , . . . , u k < 1 and t > T. 
It follows that the integral 

/ ^tPiDipYe-^^UPxe-^^n. . . TZP^- 11 " 10 ^ fa du . . . du k 

J A k 

converges in the trace class norm and is bounded by Ce~ 6t for some C, e > and 
all t > T. □ 

We have that 

oo 

faD( P ye- A ^ 2 <j> t =Y,(-l) k t k/2 4>tD( P Yl k {p,t)4> t . 

k=0 



The decomposition e u ** d (p) 2 = p + P-^ u i tD (p) 2 induces a decomposition of 

Of I 



D{p) v I k {p,t) into a sum of 2 k+1 terms. For < j < k + 1 let Pf k (t) be the 



sum of those terms with exactly j factors of the form Pie UitD (p) . 
Thus 

D( P )" e -^ = £(-i)M E^w- 

Note that Prop. 13. 5. 51 implies that Po is a trace class operator, hence the operators 
Pjk(t) with j Y k + 1 are trace class for t ^ 0. 

From P ftP = P)[VF* d W, D{p)] s P = it follows that P? k (t) = for j < f . 

Furthermore for even 

p£.m = / D{pyp Q np 1 e-^ tD{p)2 np Q np 1 e- u * tD{p)2 'RP Q ... 

. . . PoKPxe-^-^rfKPo du ... du k . 

Since D(p)P = 0, it follows that Pi At) = 0. 
Moreover by the previous lemma 

UtP( k+ i )k {t)<t>t\\TR < Ce- et 

for t large. 

Now we study the behavior of the remaining cases for large t. 

Lemma 4.4.6. Let v = 0, 1 and j, k <E IN with | < j < k. For every T > 
i/iere is C > suc/i i/ia£ for t > T 

\\P?k(t)\\TR<Ct-t . 

If k is odd, then for every n € IN and T > i/iere is C > swc/i i/iai /or t > T 

\Tr s <i? t P v k+1 (t)\<Ct~ n . 

PROOF. For j < k the operator Pj k {t) is a sum of terms of the form 
(A(u , . . .u l ,t)P Q )(P Q B(u i+ i, . . .u k ,t)) du ...du k , 
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where A and B are continuous families of bounded operators on L 2 (M, E^Q,<^Ai) 
for uq 7^ 0. 

Since Pq is a Hilbert-Schmidt operator by Prop. 13.5.51 Prop. 15.2.131 implies 

that 

|| / A(u , ■ ■ ■u. l ,t)P )(P B(u i+1 , . . .u k ,t) du ...du k \\ T R 
JA k 

< C\\ p o\\hs / \\ A i u 0: ■■■Ui, t) || \\B(u i+ i,...u k , t) || du ...du k . 

J A k 

Let w > be such that there is C > with \\P 1 e- tD W \\ < Oe^* for all t > 0. 
Then 

\\P- k (t)\\TR 

r 1 r 3 ~ x 

< C du {u t)- v/2 e- WUot / exp(- V oj Ul t) du x . . . du k 

Jo J(l-u )AX-i i=1 

= C du (uoty^e-^ * vol(sA j - 2 ) vol((l - u - s)A k - j ) ds 

Jo Jo 

= cf du (u t)-^e-^ e-*" ^ " ^ " ^ «fa 

Jo VV Jo (i-2)!(fc-i)! 



< Ot" J ' . 

This shows the first statement. 
For fc odd 

Tr^P^t) 



= / T± s <l) 2 t D{f>yPQnP x e- UltD ^nP Q . . . P 1lP 1 e- UktD ^ 2 du ... du k 

J A k 

+ [ Tr s D(p) u P 1 e- UotD ( p ') 2 1lPo1lP 1 . . . e-^-^^TZPo^ 2 du . . . du k . 

J A k 

By Prop. 13331 we can estimate ||(1 - $)P ||h<? and ||P (1 - $)\\us by Ct~ n . 
The second estimate follows then from the cyclicity of the supertrace since PqPi = 
PP = 0. □ 

From the estimates so far obtained the second assertion of the theorem follows. 
Furthermore the previous lemmas imply that for t > T there is C > such 

that 

oo 

\Tr s tfe- A ^ - Tr s ^P° (2n) (t)| < OH . 

Hence it remains to study the behavior of t n P n (2 n \(t) for t — > oo. 
Recall that 

P° (2n) (t) = [ Po'RP 1 e- UatD{p)2 'llPo'RP l e~ UltD{p)2 'llPo... 

. . . PoKPie- Un - ltD{p)2 KPo du ... du 2n . 
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By Prop. 13.5.51 for any j S IN there is C > such that 

||Po-^Po||hs<C^' , 

hence 

\Tr s tfP° {2n) (t) - Tr s P„ (2n) (t))| < Ct~* . 
In the next lemma we show that for T > there is C > such that 

ll^nW*) - (-i) n ^(P wdw*p ) 2n \\ < cr 1 

in B(L 2 (M, E ® fi< M ^ 4 )) for t > T. This implies that there is C > such that for 
t > T 

|i"Tr s P° (2n) (i) (-lT±Tr s (P WdW*Po) 2n \ 

< c\\p a \\ 2 HS \\t n p° {2n) (t) - (-i r ±(P wdw*Po) 2n \\ < cr 1 . 

Both estimates combined yield the first assertion of the theorem. 
Lemma 4.4.7. Let k,n S INo with n < k. For t — > oo the term 

t n [ P KPie- uatD{p]2 PxKPQKPie-^^KPa . . . 

J A h 

. . . P KPie- u "- ltD{p)2 KPQ du ... du k 
converges in B(L 2 (M, E ® (l<^Ai)) to 

(- 1 ) ,l 7T^T (P°WdW*P ) 2n 
(k — ny 

with Oit' 1 ). 

Proof. For i,j e {0, 1} write ^ := P i WdW*P j . 
ByK= [W*dW,D(p)] s 

PiKPq = PiD(p)W*dWP , 
PoUPi = P Q W* dWD{p)Pi , 

thus 

p np ie - tD ^ 2 np = Q diD{ P fe- tD v>\d Q • 

This term is uniformly bounded for t — > 0. Hence the integral 

[ diD(pfe- sD ^\d ds 
Jo 

converges and equals od\{er tD ^ 2 — 1) \do. 
For n £ IN and k > n 

t n [ P TZPie- UotD( - p ^nP Q TZP 1 e- u ^ D ^ 2 nPo... 

. . . PoKP^-^-^^KPo du ... du k 
= T / adtDipfe-^ ^ 2 1 d 00 d 1 D(p) 2 e^ tD ^ 2 x d ... 

JA k 

... diD{p) 2 e- u ^ tD ^\d du ...du k . 
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Set 

n-1 

D„ ■■= {(uo, ui, . . . u n -i) eE" J~] Uj < 1; < Uj < 1, i = 0, . . . ,n - 1} . 

i=0 

By integration onii„ r ..,ii t the previous term equals 

^ n— 1 

(*) t n ... d lJ D(p) 2 e -""- ltD (") 2 lC ? vol((l - V Ui ) A k - n ) du ... d«n-l • 

We claim that (*) converges to , k ^ n y (odndo)" with 0(i _1 ). Then it follows from 

(W* d T'F) 2 = that odndo = — o^o- This shows the assertion of the lemma. 
For n = 1 and fc = 1 the term (*) equals 1. 

For n = 1 and A: > 1 the claim follows by induction since by partial integration 

/ odi^(p) 2 e-" otZ3( " )2 ido vol((l - u )A k ~ 1 ) du 
Jo 

= die- tD ^\d + [ d 1 D(p) 2 e- u « tD ^\d vo\((l-u )A k - 2 ) du 
Jo 

because of 

d uo vol((l - u )A k - 1 ) = - vol((l - u )A k - 2 ) . 

Furthermore odie~ tD< - p ^ ' \do decays exponentially for t — > 00. 

For general fc and n the term (*) equals, by partial integration on u n -i, 

n-1 

t n 

i=0 



,. n-1 

/ . . . di \-t- x e- xtD ^ vol((l - Vu,- x)A k ~ n ) 



n «»-i 

irf du . . . du n -i 





^ n— 1 

+ t n - 1 / ...odie-""- 1 *^!* a Un _ lV ol((l- V^)A fc - n ) duo...du„_i . 

*=o 

Note that the first integral vanishes for x = u n -\. 
We obtain 

. n-1 

r- 1 / ...odi^(p) 2 e-""- 2tI3(rt2 idoodiidovol((l- V Uj )A fc -") du . . . du n _ 2 

n—1 

-t n - x / ... die-"'- ltjD( ' ,)2 idovol((l-^w J )A' £ - n - 1 ) d« ...d« n -i . 
There are C, w > such that the last term is bounded by 

Ci"" 1 f e - SUJt voUsA"- 1 ) vol((l - s)A fe -™- 1 ) ds , 
Jo 

hence it vanishes with 0(i _1 ) for t — > 00 (by a calculation as the proof of the 
previous lemma). 

By induction the first term converges with 0(i _1 ) to 

-(odndo)" = n 1 M Mnrfo)" ■ 



(fc- 1 - (n- l))! v ' (fe-n)! 

□ 
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4.4.3. The limit of Tr s e~ A ? for t -> 0. Recall the definition of TV from ESI 

Theorem 4.4.8. (1) lim Tr s e -vl * = M . 
(2) limTr s fJ'e-' 4 ? = . 

PROOF. (1) By Prop. EHH1 

oo „ 

limTr.e- 4 ' = ^(-l) n lim *f ^ / 7fe (a;) tr s w(0)£(a;, x) n fa(x) dx . 

n=0 fee J Wfc 

Now tr s io(p)£(a;, sc) n = for fc e 2/6 and for all n E TN and f > by JO 
Furthermore iy(0)*(x, y) n = for n > 0. 

Recall that U^, contains the isolated point *. Since w(0)*(x, y)° is the integral 
kernel of e~ tD ™, 

limtr a u>(0)f (x,x)° =jVl*(x) 

in C(W*) by the local index theorem QBGVj . Th. 4.2) and by dx(E/S) = 
ch((C+) rf ) +c h((C~ ) rf ) = 0. 
(2) Prop. IOH implies that 

OO 

limTr s L>e~ A * = V(-l)"lim it Tr s DW n (0,t) . 

Since DW o (0, t) is an odd trace class operator, its supertrace vanishes. Furthermore 
Tr s DW n (0,t) = by EM □ 

4.4.4. ^Tr s e~ A ^ and A-Tr s e- A ^. 
at dp 

Lemma 4.4.9. (1) 



(2) 



dt dt 



dp dp 



PROOF. (1) First we calculate jj^e A ^t . 

Consider the holomorphic semigroup e _i + Z,R ) depending on the parame- 
ter z. By the semigroup law 

A. e -t>(D {p f + zK) = _(£,(p)a + z ^) e -*'P(p) 2 +^) 
and by Duhamel's formula (Prop. 

A. e -t'(D(p) 2 +z1l) = _ f e -(t'-s)(D(p) 2 +z1l) ne -s(D(p) 2 + zn) ds _ 

dz 
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It follows that 

A e - A (P) 2 t _ £. e -t(D{p) 2 +t-^ 2 TZ) 

dt dt 



d fTO'+r'/'R), _ I r 3/2 d e -*(D(rt'+»»)| 

+ lt-3/2 /'* e -(t-^)(£'(p) 2 +i- 1 / 2 K)^ e - s (D(p) 2 +t- 1 /2 K)ds 



2 

Using this equation we prove that 

(*i) 1^ tr.j>(p)t( a ; > x) n | < Ce-^*'^ 
for all x uniformly in t for t G £2] with 4i,i2 > 0. This yields that 

^ Tr s e-^W* =Tr s ^-e- A W? . 
dt dt 

By Cor. 14.3.31 and the fact that the pointwise supertrace of the integral kernel 

(Af k ) 2 e~( A < *") 2 vanishes for k S 2/6 the pointwise supertrace of the integral kernel 

of A(p)1 e~ A ^t can be estimated by Ce~ cdl ^ x,Mr ^ uniformly in t on compact subsets 

of (0,oo). 

The integral kernel of J Q e~^~ s ^ A ^* TZe~ sA ( p ^ ds is the sum over to, n 6 INo 
of the terms 

(-l) m+ "t^ [\l-sr /2 s n/2 I p(ph- s )t(x,y) m K(y)p(p) s t(y,x) n dyds . 

JO JM 

We decompose 

P(p)(i^)t(x 1 y) m n(y)p(p) st (y,x) n 

= P(ph-s)t(x, y) m n(y) (p(p) st (y, x) n - w(p) st (y, x) n ) 

+ (p{p)(i- s )t(x,y) m ~ w(p) {1 _ s)t (x,y) m )K(y)w(p) st (y,x) n 

+w(p) {1 _ s)t (x,y) m K(y)w(p) st (y,x) n . 

By Prop. 14.3. H and the fact that the operator I m (p, (1 — s)t) is uniformly bounded 
on C' R (M, E O Cl^^Ai) for < (1 - s)t < t 2 there are C, c, r > such that for all 
x e M and < s < 1 and h < t < t 2 

P(p)(i-s)t(x,ymy)(p(p) at (y,x) n - w(p) st (y,x) n )dy\ < Ce~ cd ^ M ^ . 

Im 

An analogous estimate holds for the second term. 
By g2]and since Tl\ Ua , = 

tr s w{p)(i-s)t{x,y) m n(y)w{p) st {y,x) n = . 

We conclude that there are r,c,C > such that for x £ M r , < s < 1 and 
h < t < t 2 



M 



(*a) |tr s I p(p) ( i-s } t(x,ymy)p(p) st ( y ,xT dy\ < Ce~ cd ^ M ^ . 
Now (*x) follows. 



■V2 
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The next step is to show that 

Tr s / e -(i-»M(p«-K, u,-k,, s : :TlV/? , .lu.i; 

or equivalently 

L (l - s) m ' 2 s n ' 2 I tv 8 p(p) il _ s)t (x,y) m n(y)p(p) st (y,x) n dydsdx 



M JO JM 

(1 - S ) m /2 s n/2 f [ tr s p(p) {1 _ s)t (x,y) m 1l(y)p(p) st (y,x) n dxdyds . 

We can interchange the integration over s and x by the estimate 
Fix s and i. Consider once more the decomposition of 

p(p) { i- s) t(x,yrn(y)p(p) st (y,x) n 

from above. From Cor. I4.3.2l it follows that for e > there are r, c, C > such that 
for all x, y 6 M 

\p{p) { i~s)t{x,yTK{y){p{p)st{yix) n -w{p) st {y,xT)\ 

< C(e~ Cd{x - v)2 + e - cd ( x < M T ) 2 ^ e -cd(y,M r ) 2 

The second term can be estimated in an analogous manner and the supertrace of 
the third term vanishes as we saw. 

Hence we can interchange dx and dy. 

This shows (1) by 

Tr s ^ e~ A ^ = Tr s (-i-^(p)? + V^^p)? 

(2) As above, since A{p) 2 t = t(D 2 + p[D, K} s + p 2 K 2 ) + y / tK, Duhamel's formula 
(Prop. 15.4.4(1 and the chain rule imply that 

d e -A( P f t = _ f 1 c -q-,)A(p)? dA(p)t e -sA{ P )1 dg 



dp Jo dp 

Note that dA ^ t is a trace class operator, hence we conclude immediately that 

4- Tr s e~ A ^ = Tr s # e~ A ^ = -Tr s ^± e~ A ^ . 
dp dp dp 

Since A(p) t is a bounded perturbation of y/tWD s W* , we have, by Cor. 13.5.81 and 
Prop. IfU.lOl that A(p) t and e" A W* commute. 
It follows that 

dp dp 

= [W *dW, d -^k e -M P *] s + Vi[D( P ), d -^le- A ^] s . 
dp dp 

The first term of the last line is an integral operator with integral kernel W*d(k)W 
where k is the integral kernel of W dA ^ >t e~ A ^*W* . Hence the supertrace of the 
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first term equals 



dp 



Now consider the second term. Let P be the orthogonal projection onto the range 
of K . It is an even Hilbert-Schmidt operator with smooth complex integral kernel. 
Since ^ = ViK, 

Tr s [D(p), ^ie-AOtf]. = Tr s Vi[D(p)P, Ke~^% . 
dp 

Since D{p)P and Ke~ A ^ t are Hilbert-Schmidt operators, the supertrace vanishes. 

□ 

Let Di k be the operator Dj from H3. 3. II with boundary conditions given by the 

pair ('Pfcmod3j7 : 'fc+lmod3)- 

In 94.3.21 we defined Af k = W£ d W k + \ftD Zk such that A?* coincides with 
A(p) t on U k . There is U k e C°°([0, 1], M M (A»)) such that W k (x 1 ,x 2 ) = U k {x 2 ) © 
U k {x 2 ). Let = [/* dU k + VtaD Ik . 

Lemma 4.4.10. 



Proof. Since = t ^if" 1 ' ; A(p)t] s , it follows from the previous lemma 

that 

^ s e-^)?=-Tr s [^i,A(p) t ] s e-^)?. 
at at 

Furthermore 



[^,A(p) t ] s e-^)? 



= d^,D(p)e- A W?] 8 - l[D(p),i)(p)e-^% . 

The supertrace of the first supercommutator in the last line equals 

--L d Tr s D(p)e- A ^ . 

Now consider the second term. 
We have that 

- l -Tv s [D{p),D(p)e- A ^] s 

= -\ lim (Tr s <t> r D(p)h- A ^Ur + Trs<t>rD(p)e- A ^D(p)4,r 
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Since for v € JN the operators § r D{p) h ' e -^(p)?/2 an d e - A ^/ 2 D(p) v (f>r are Hilbert- 
Schmidt operators, it follows that 

-±Tr s [D(p),D(p)e- A ^} s 

= -- lim (Tue-^rfl^lDipfe-^rfl 2 - Tr s e- A ^/ 2 D(p)cf> 2 r D(p)e- A ^/ 2 ) 

= 1 lim Tr se - A (")?/ 2 c(d^) J D( /9 ) e -^(p)?/ 2 

2 r— »oo 

= - lim r TY s c{d<t>l)D{p)e- A{p ^ . 

2 r — >oo 

For r > we define the function Xr : Z — > M, Xr( £C ) : — X 2 ( ;r i ~ r ) where x is the 
function from the beginning of H4.4.1I Cor. 14.3.31 implies that 

\ lim T±,c{dtf.)D{p)e- A V>* = ]- lim V Tr^x,)^-^ 2 . 
Recall from flOlthat the integral kernel of e"^) 2 is (-l)"^pf fc (ar,J/)" with 



n=0 



^(^2/)" = ^!)"^== e-^^(^(^,y2)"©(-l)>[ fc (^,y2)") • 

The integral kernel of c(dxr)^ z k ^^ At ^ is 

oo 

^ ( _ 1) n+l t n/2 x , (a . i _ r)( ^ +Idx3 ) p ?>( X: y)" . 

It follows that 

Tr s c(d X r)^e-(< fe ) 2 

1 oo -i 

Comparison with Def. 14. 1.61 and the subsequent remark yields that 

tT s c(dx 1 ) n ((D Ik p I t "){x 2 ,x 2 ) n © (-l) n + 1 (D IkP I t *)(x 2 ,x 2 ) n ) 

= 2i n ti a a n (D Ik pt)(x 2 ,x 2 ) n . 

It follows that 

Tr s c{d X r)D Zk e-^ 2 = -L= f>l)'T> f tr {D Ik p\"){x 2 , x 2 ) 2n dx 2 

^Tr^.e-^) 2 , 



e-^> 2 



/7rf 

hence 



□ 
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4.4.5. The index theorem. In this section the notation is as in Prop. 12.5.11 

Let Ai k be as in the previous section. 

Theorem 4.4.11. 

ch(ind£>+) = \[J2 e H ivUoo) ■ 

feez/6 

Here we understand ind D + as a class in Kq(Aoc) via the isomorphism Kq(A) = 
Ko(Aoo) induced by the injection Aoo A. 

Proof. Let p ^ 0. 
By Prop. EETTl 

indD+ = [Ker D(pf] - [A N ] 

in Kq(A). Let Pq be the projection onto the kernel of D(p) 2 . 
From Prop. 13.5.51 and Prop. I5.3.6l it follows that 

indD+ = [Raneo P ] - [A%,] = [Ran^ WP W*} - [A£] 

in K (Aoo), hence in H* R (Aoc) 

ch(ind D+) = ch[Ra noo WP W*] - J\f. 

By Prop. EH in fffVoo) 

oo 

MRbsi^WPqW*} = V(-l) n -r Tr s (WP W* dWP W*) 2n 

^— ■! n 

ra=0 
oo 

= V(-l)"^Tr s (P iy*diyF ) 2n . 

n=0 



Let T > 0. By Th. Pol and Th. l4*X%l in ^^/[Q*^, ^*^oo]s 

lim Ti s er A{p) 't - limTr s e~ A * 

r ****** 

+ [ P ±Tr s e- A ^dp> 
Jo d P 

+ j T ^-Tr s e- A Ut . 
Jo dt 



Y i (-lT-Tr s (PoW*dWP ) 2n -N = 

n=0 



4. SUPERCONNECTIONS AND THE INDEX THEOREM 



By the results of M4.4.4I the estimate of Th. and Th. 14.4.81 the integrals 

converge and we have: 

Y(-l) n -Tr s (P Q W*dWP ) 2n -N = Y / -^=Ti a D Ik e-^ 2 dt 
— Til * — ' n \/4irt 

r°° i 

-d / —^Tr s D(p)e- A ^dt 
Jt 2V* 

dp 

T 



1 

o 2Vi 



Tr a D(0)e~ At dt 



The assertion follows. □ 

Corollary 4.4.12. Jnfff(A,) 

chT(V ,Vi,V 2 ) = [v(Po,Pi) + v{VuV 2 ) + v{Vi,V )] . 

Proof. For p > we define a family 6) of superconnections associated to 
£>(/?). For < 6 < 6 let € C*°°(M, End + £ ® A*,) be as in flOTI such that 

W(i>) is parallel on {x e M \ d(x, 8M) > b}. As in H4.3.1l wc set 

A(p, b) := W(b)* d W(b) + D(p) . 

For every k £ 2/6 this induces a family of superconnections Aj k (b). By Prop. 14.1.71 
and the subsequent definition 

Hm T)(A Ih (&)) = 77(7 7 fcmod3,'Pfc+lmod3) ■ 

The assertion follows now by the previous theorem and Prop. 12.4.41 □ 

4.5. A gluing formula for ry-forms on S 1 

In the following we sketch a reinterpretation of Cor. 14.4. 121 as a gluing formula 
for ry- forms on S 1 (which we identify with IR/Z as a Ricmannian manifold). 
Given u 6 U{A^ ) we define a projective system of vector bundles on S 1 : 

£<(«) = ([0,1] x 

with (0, i?) ~ (l,uw). The standard „4-valued scalar product on A n induces a 
hermitian A- valued metric on C(u) := Cq(u). We identify a smooth section of 
Ci{u) with a smooth function / : H — > Af satisfying /(x + 1) = uf(x). The 
trivial connection / i— > /'<ix on E x A 1 induces a connection on £(w) preserving 
the metric. The associated Dirac operator is denoted by $c(u) ( as are its closures 
on the spaces L 2 (S 1 , £i(u)) in the following). 

Assume now 1 ^ <j{u). Then there is a path w : [0, 1] — * U(A^ ) with iu(0) = 
1, w(l) — u, and the map / i— » to*/ defines a trivialization of Ci(u). Hence 
can be identified with the operator id + w*w' on the trivial bundle. One can 
easily deduce that — $c(u) generates a holomorphic semigroup on L 2 (S 1 ,£i(u)) with 
integral kernel in C 00 ^ 1 x S 1 , M n (A»))- Since ^ is invertible on £ 2 (S\ £,(«)), 
the integral kernel vanishes exponentially for t — * oo. Locally there is a trivialization 
of C(u) with respect to which (j>c( u ) equals id. By Duhamel's principle it follows 
that r Tx^jr i ( u \e~ t ^ c i u ^ 2 converges to zero in Ao/[Ax>; A»] for £ — ► 0. 
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We define a superconnection A := w dw* + $c{u) and the associated rescaled 
superconnection At := wdw* + V~t$c(u)- Then e~ At is a well-defined integral 
operator with smooth integral kernel. Furthermore Tr $c(u) e ~ At nas a limit for 
t — > 0, and the 77-form 

2 i"°o 2 

v 71 " Jo 

is well-defined. As in Def. 14. 1.81 we can eliminate the dependence of the trivializa- 
tion w by defining 

£— >0 

where w e is a family of trivializations with w' E C [0, e] U [1 — e, 1]. The existence of 
the limit follows from the proof of the next proposition. 
In the following let 

P(u) := 



2 V u 1 

Proposition 4.5.1. Let uq, u\ be unitaries such that uq — u\ is invertible. Then 
up to exact forms 

PROOF. For a unitary U <E M n (Aoo) 

r ) (U 3t P(u )U,U*P(u 1 )U) = r 1 (P(u ),P(u 1 )) . 

Since for U := ( \ ° ) we have that U*P{u Q )U = P(l) and U*P(ui)U = 



u 

P{uqU\), we may assume uq = 1. Let u := Hi. 

Let V : H — > C/(-4^) be a smooth path with V(x) = u for x < and V(x) = -1 
for x > 1 and with 1 ^ cr(V); we define the bundle 

Li(V) := (Ex[0,l])x^/~ 
where (xi,0,u) ~ (xi, 1, V^xi)?;). The smooth sections of can be identified 

with smooth functions / : IR x H — > A n fulfilling f(xi,x 2 + 1) = V(x\)f{x\,X2)- 
Let W : Ex [0,1] -> cjU^) be smooth with W(afi,0) = 1, W(xi,l) = 7(xi) and 
such that W(xi,x 2 ) is independent of X2 in a small neighborhood of resp. 1 and 
independent of x\ for x\ < resp. xi > 1. Then / i — s- W*/ is a bundle isomorphism 
between Lj(V) and the trivial bundle (H x S 1 ) x A". Since dxidj + W*dx 2 d 2 W = 
dx\di + dx 2 d 2 + dx 2 W* (p^W) is a connection preserving the metric on the trivial 
bundle, the operator Wdxid\W* + dx 2 d 2 is a connection preserving the metric on 
Li(V). It agrees with the trivial connection for \x±\ large. 

Let $Li(v) be the Dirac operator associated to the connection Wdx\d\W* + 
dx 2 d 2 on the bundle Lj(F). The index of $~£.r V \ vanishes, which can be seen as 
follows. For t S [0, 1] let W t : H X [0, 1] -> U(A^) be a homotopy with W = 1 
and Wj = W and independent of x\ on the complement of a compact set. Then 
dxidi+Wf dx 2 d 2 Wt is a homotopy of connections on the trivial bundle interpolating 
between the trivial connection and the connection dx\d\ 4- W* dx 2 d 2 W . The index 
of the Dirac operator associated to the trivial connection vanishes, hence the index 
of the Dirac operator associated to dxidi + W* dx 2 d 2 W vanishes as well. 

The local term in the index theorem is determined by the superconnection 

B 1 := d+W@ Li(v) W* =d+c(dx 1 )d 1 + c(dx 2 )d2 + c(dx2)W(d 2 W*) 
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on the trivial bundle S £g> A n on 1R x S 1 . The contribution from the cylindric ends 
is given by §(j7($c(_i)) - f]{A)). 

Compare this with the index theorem for the Dirac operator (j>z on the sections 
of (Ex [0, 1]) x {{A+) 2n ® (A~) 2n ) with boundary conditions defined by P(1)®P(1) 
andP(7(a;i))eP(V(a;i)). Let 

W := diag(l, W,l,W)G M in {Aoo) . 

Then 

W*$ Z W = $ z + W* cidx^^W) + W* c{dx 2 ){d 2 W) , 
and the boundary conditions transform to P(l) © P(l) and P(— 1) P(— 1). 

An argument analogous to the one above shows that the index of W*(j)\W 
vanishes. Since W* c{dx\){d\W) is compactly supported, the index of W*$zW 
equals the index of $z + W* c(dx 2 )(d2\V) , which is the Dirac operator associated to 
the connection dx\d\+dx 282+ dx2W* {&2W). Hence we can use the superconnection 
B 2 := d+c(dxi)di + c(dx 2 )d 2 + c(dx 2 )W* (d 2 W) for the index theorem, and it 
follows that the local term here equals the local term in the index theorem for 
9l(V)- Since the proposition is true for u = —1 by CLM , Prop. 6.3, the assertion 
follows. □ 

COROLLARY 4.5.2. If uq,ui,u 2 € M n (Aoo) are unitaries such that — Uj is 
invertible for i ^ j , then 

chr(P( Uo ), P(ui), P(u 2 )) = foCftc^tto) + v(@C(uiu 2 )) + V{$£{u* 2 u )} G H^iAco) . 

Assume that Pi — Pj and Pj — (1 — Pj) are invertible for i ^ j and define 

t i (P ,P 1 ,P 2 ) := t(P ,P 1 ,P 2 ) + t(P ,1-P 1 ,P 1 ) 

+ r(Pi, 1 - P 2 , P 2 ) + r(P 2 , 1 - P , P ) e K (A) . 

Then from the corollary, the previous formula and the fact that 1 — P(u) = P(—u) 
it follows after some straightforward calculations: 

Corollary 4.5.3. In Hf R {A ca ) 

ch.Tl(P(u ), P(ui), P(U 2 )) = [V^Ci-u^m)) +V($C(-u* 1 u 2 )) +V($C(-u*u )} ■ 

In the following we explain how this formula is related to a gluing formula for 
^-invariants ( |Bu| . §1.7 and Cor. 1.20). 

Consider the Clifford bundle A n x [0, ir] on the manifold with boundary [0, tt] 
with Clifford multiplication i and Dirac operator id. Its restriction to the boundary 
is A n x ({0} U {ir}) and the Clifford multiplication by the inward pointing normal 
vector is given by the bundle morphism Iq — i U (— i). Via the standard ^4-valued 
scalar product it induces a skew-hermitian form on the bundle A n x ({0}U{7r}). We 
identify the sections of this bundle with A 2n . The image of the kernel of the Dirac 
operator with respect to restriction to the boundary is the Lagrangian submodule 
L = {(x,x) | x e A 11 }. 

Now let 

(j>i := (1 U ( Uj )) : A n x ({0} U {tt}) -> A n X (* U *) . 

Then 4>j{L) is the range of the projection P(v,j). 

The bundle L(— u*Uj + i) on S 1 can be obtained by gluing 

(^x[O,7r])U - lo/Wj+i (A n x[0,7r}) ; 
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and by gluing the operator id on one copy of [0, tt] with —id on the second copy 
one obtains $c(-u> Ul )- 

From the proposition it follows that up to exact forms 

V{9c(-u*u j+1 )) = v(P{uj), 1 - P(uj+i)) ■ 

Since the projection (f>i(L) in A 2n is given by the projection P(uj), we have in 

— UqUi)) T" T)\Y C{ — U*U2) — UjjUo)] • 

For *4 = C this is a particular case of the well-known general gluing formula. 



CHAPTER 5 



Definitions and Techniques 

5.1. Hilbert C*-modules 

5.1.1. Bounded operators. Let A be a unital C*-algebra with norm | • |. 
In order to fix notation we recall some facts about Hilbert .A-modules. Refer- 
ences are |La| and WO . 

Definition 5.1.1. A pre-Hilbert *4-module is a right A-module H with an 
A-valued scalar product ( , ) : H x H — > A; i.e. 

(1) ( , ) is A-linear in the second variable, 

(2) {x, y) = (y, x)* for all x.y E H, 

(3) {x, x) > for all x e H, 

(4) if (x, x) = 0, then x = 0. 

If H is complete with respect to the norm \\v\\ := \(v, v)\ x / 2 , then H is called a 
Hilbert „4-module. 

The completion of a pre-Hilbert „4-module is a Hilbert „4-module. 
The right „4-module A n is a Hilbert ^l-module when endowed with the standard 
.4-valued scalar product 

n 

(a,b) :=^a*b t . 

z=l 

oo 

The right ^l-module {(a ra ) n eisr C A | X) a n a « converges} endowed with the A- 

71=1 

valued scalar product 

oo 
n=l 

is a Hilbert .A-module and is denoted by I 2 (A). Sometimes we use 2 as index set. 

Let M be a measure space and let ( , ) be the standard A- valued scalar product 
on A n . Then the Hilbert A- module L 2 (M, A n ) is defined in the following way: By 

(f,g)L* = / (f(x),g(x))dx 
Jm 

an A- valued scalar product is defined on the quotient of the space of simple func- 
tions on M with values in A n by the space of simple functions vanishing almost 
everywhere. Hence the quotient is a pre-Hilbert yl-module. Its completion is the 
Hilbert .A-module L 2 {M,A n ). 

Let H be a Hilbert .A-module. 

A submodule U C H is called complemented if 

U ± ={xeH \ (x, u) = Vu e U} 
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satisfies U U = H . Any projective submodule in H is complemented. 
Let Hi,H% be Hilbert .A-modules. The elements of 

B{H 1 ,H 2 ) = {T : Hi -> H 2 \ T is continuous and 3T* : H 2 -> Hi with 

(Tv,w)h 2 = (v,T*w) Hl Vv e Hi, w £ H 2 } 

are called bounded operators from Hi to H 2 . They form a Banach space with 
respect to the operator norm. With the composition as a product B(Hi) := 
B(Hi, Hi) is a C*-algebra. Note that the existence of an adjoint must be required. 

A continuous „4-module map K : Hi — > H 2 is called compact if it can be 
approximated by a linear combination of operators of the form x i— > z{y,x) with 
y £ Hi , z £ i?2 , in the operator norm topology. 

Every compact operator is adjointable. 

A projection in B(H) is compact if and only if it is a projection onto a projective 
submodule of H. 

If the range of T £ B(Hi,H 2 ) is complemented, we call its complement the 
cokernel CokerT. Clearly a necessary condition for its existence is that the range 
of T is closed. The following proposition shows that it is sufficient: 

PROPOSITION 5.1.2. Suppose that T £ B(Hi,H 2 ) has closed range. Then 

(1) KerT is a complemented submodule of Hi, 

(2) RanT is a complemented submodule of H 2 , 

(3) T* : H 2 — > Hi also has closed range. 

Proof. |Eaj, Th. 3.2. □ 

5.1.2. Fredholm operators. Let Hi,H 2 be Hilbert „4-modules isomorphic 
to I 2 {A). 

Definition 5.1.3. An operator F £ B{Hi 7 H 2 ) is Fredholm if there are 
decompositions Hi = Mi © N\ and H 2 = M 2 © A2 with the following properties: 

(1) Ni,N 2 are projective A-modules and Mi,M 2 are closed A-modules. 

(2) The operator F is diagonal: F — Fm Fn with Fm '■ Mi — > M 2 and 
F N : Ni -> N 2 . 

(3) The component Fm '■ Mi — » M 2 is an isomorphism. 

(4) The projection onto Ni along Mi is adjointable for i = 1,2. 

The index of F is defined as 

indF:= [Ni] - [N 2 ] £ K (A) . 

Proposition 5.1.4. A selfadjoint operator F £ B(Hi,H 2 ) is Fredholm if and 
only if there exists an A-linear continuous, not necessarily adjointable, map G : 
H 2 — ► Hi such that FG — 1 and GF — 1 are compact. 

Proof. Analogous to MF], Theorem 2.4. □ 

From the proposition it follows that if F is Fredholm, then for any compact 
operator K the operator F + K is Fredholm. 

PROPOSITION 5.1.5. If F : Hi — > H 2 is a Fredholm operator and K : Hi — > H 2 
is a compact operator, then 

ind F = ind(F + K) . 
Proof. |MF) . Lemma 2.3. □ 
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Another important property of Fredholm operators is the following: 

Proposition 5.1.6. If F S B(Hi,H 2 ) is Fredholm and RanF is closed, then 
Ker F and CokerF are projective modules. 
Hence 

indF = [KerF] - [CokerF] . 

Proof. Let PkctF G B(H{) resp. FcokerF £ B(Hi) be the orthogonal projec- 
tion onto the kernel resp. cokernel of F. They exist by Prop. 15.1.21 We have to 
prove that they are compact. 

There is E E B(H 2 , Hi) such that FF = 1 - P K erF and FE = 1- F C okcrF- 

Let G be a parametrix of F. It follows that 

Fkct f = 1 - FF = (1 - GF)(1 - FF) 

and 

F Cokcri , = 1 - FE = (1 - FF)(1 - FG) 
are compact operators. □ 

Proposition 5.1.7. If F : [0, 1] — > B{H 1 ,H 2 ) is a continuous path of Fredholm 
operators, then the map [0, 1] — > Kq(A), t i— » indF(t) is constant. 

Proof, see |Wo] . Prop. 17.3.4. □ 

5.1.3. Regular operators. In this section some basic facts about unbounded 
operators on Hilbert yl-modules are collected. Most of them and more can be found 
in |La| . 

Let H be a Hilbert A- module with A- valued scalar product ( , ). Let D : 
dom£> — > H be a densely defined operator on H . 

Lemma 5.1.8. If the adjoint D* of D is densely defined, then D is closable. 

Proof. Let (/ n )n£iN be a sequence in domD such that {f ni Df n ) converges 
to (0, /) in H © H for n — * oo. Then for every g £ dom£>* 

(f,g) = lim (Df n ,g) = lim (f n ,D*g) = . 



n — >oo 



Since domF* is dense in H, it follows that / = 0. □ 
If D is closed, then 

(f,9)D := (f,g) + (Df,Dg) 

is an A- valued scalar product on domD, with respect to which domD is a Hilbert 
A- module, denoted by H(D). 

Lemma 5.1.9. Assume that D is closed. 

(1) Suppose that D has a densely defined adjoint D* . Then Ker D* = (Ran D) 1 - . 

(2) KerF is complemented in H(D) if and only if Ker D is complemented in 
H. 

Proof. (1) Since for / € Ker D* and h G dom D 

(f,Dh) = (D*f,h) =0 , 

the ^4-module Ker D* is a submodule of (RanF)- 1 . 
For g € (RanD) 1 - the ^4-linear functional 

dom D —> A, f»(g,Df) 
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vanishes. Thus g G domD* and D*g = 0. 

(2) For g G KerD and / G domD the conditions (/, g)u — and (/, <jr) = are 
equivalent. Hence if KerZ) is complemented in H(D), then KerD is complemented 
in H. 

Conversely, if KerD is complemented in H, we can decompose g G H(D) in 
a sum g = g\ + g 2 with g\ G KerD and gi G (KerD)- 1 . From KerD C H(D) it 
follows that g 2 = g - ffi G hence ,g 2 € (Kcr D)- L «< D > . □ 

Recall that D is called regular if it is closed with densely defined adjoint D* 
and if 1 + D*D has dense range, or equivalcntly if it is closed with densely defined 
adjoint and if its graph is complemented in H x H . 

If D is regular, then 1 + D*D has a bounded inverse. 

In the following the adjoint of an operator A G B(H{D),H) is denoted by A T G 
B(H, H(D)) in order to distinguish it from the adjoint A* of A as an unbounded 
operator on H. 

Lemma 5.1.10. Assume that D is closed. 

(1) The operator D is regular if and only if the inclusion l : H{D) — > H is 
in B(H(D),H) and (1 + D*D) is selfadjoint. Then l t = (1 + D* D)- 1 G 
B(H, H(D)) and (1 + D*D)~^ : H -> H(D) is an isometry. 

(2) Assume that D is regular and selfadjoint. Then D G B(H(D), H) and 
D T = D(l + D 2 )- 1 . 

PROOF. If D is regular, then for v G H{D) and w G H 

(lv,w) = (v,w) 

= (v,(l + D*D)(l + D*D)- 1 w) 

= (v, (1 + D*D)- 1 w) + (Dv, D(l + D*D)- 1 w) 

= (v, (1 + D*D)- 1 w) D . 

This shows i T = (1 + D*D)~ 1 . 
Now the converse direction: 
Let v e H. Then for any w G dom(l + D*D) 

(v, w) = (i T Vl w) D = (l t v, (1 + D* D)w) . 

Since (1 + D*D) is selfadjoint, it follows that l t v G dom(l + D*D) and (1 + 
D*D)l t v = v. 

This shows that (1 + D* D) is surjective and that l t is a right inverse of (1 + 
D*D). Since (1 + D* D) is bounded below, it is injective as well. It follows that 
(1 + D*D) is invertible and l t is its inverse. 

The remaining parts are immediate. 

□ 

Proposition 5.1.11. Let Do be a regular selfadjoint operator and assume D = 
Do + V with V G B(H). 

(1) Then D is closed. 

(2) The identity map induces a continuous isomorphism from H(D ) to H{D). 

(3) D e B(H(D Q ), H). 

(4) Suppose that V is selfadjoint. Then D is regular. 
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PROOF. (1) From domZ?** = domDg* = domZ) = domD it follows that 
D = D** . Thus D is closed. 

Assertion (2) follows from the fact that there is C > such that for all / S 
H(D ) 

11/112, < ||/|| 2 + ||^o/ll 2 + ll(^/^o/>|| + ||W,v/)|| + ||y/|| 2 

< C(||/|| 2 + ||^o/|| 2 ) + 2||^||Po/|| 

< c\\f\\l o . 

We applied Cauchy-Schwarz inequality. 

(3) By (2) the operator D : H(Dq) — > ZZ is continuous. By the previous lemma 
the adjoint of D = D + Vi : H(D ) -> H is 

D T = D (l + Dly 1 + (1 + Dly V* : ff -> fT(£> ) . 

(4) By (3) the operator D + i : H(D ) — > ZZ is an adjointable bounded operator. 
By |La| . Lemma 9.7, the range of D + i is closed. Thus it is complemented by 
Prop. 15.1.21 From Lemma 15.1.91 it follows that the cokernel of D + i agrees with 
the kernel of D — i. By |La| . Lemma 9.7, the operator D — i is injective. It follows 
that Coker(D + i) = {0}. By |Laj . Lemma 9.8, this shows that D is regular. □ 

It can be shown that the condition of selfadjointness for Dq and V in statement 
(4) of the previous proposition can be dropped. 

Proposition 5.1.12. Let D be a regular and selfadjoint operator on H with 
closed range. 

(1) The cokernel of D exists and KerZ3 = CokerZ?. In particular KerD is 
complemented. 

(2) The A-module AovaD n RanD is dense in Rani? and domZ? = KerD © 
(domZ) R RanD), thus D = © D|R a nD o,nd -D|R an D is invertible. 

PROOF. (1) Since, by Lemma 15.1.1 01 D e B(H(D),H) and since the range of 
D is closed, Prop. 15.1.21 implies that the range is complemented. Its complement 
is CokerD. Since D is selfadjoint, KerZ) = CokerZ? by Lemma f5. 1.91 

(2) Let P : H — > RanZ? be the orthogonal projection. From (1 — P)(domZ?) C 
KerZ? C domZ? we conclude that P(domD) C domZ). The assertion follows 
because P(domZ?) is dense in P{H) = RanZ?. □ 

We will need the following Z/2- version of the previous proposition: 

If H = H + © ZZ~ is Z/2-graded, then we call a closed operator D on H even 

resp. odd if domZ) decomposes in (domZ)) + © (domZ?) - and if the action of D is 

even resp. odd. 

Proposition 5.1.13. Let H be a TLj2-graded Hilbert A-module and let D be 
an odd regular selfadjoint operator on H . 

Suppose that D + : (domZ?) + — > ZZ~ is surjective. 

Then the range of D is closed and complemented. Furthermore Ker D + = 
KerZ? = CokerZ? = CokerZ?~ and this module is complemented. 

Proof. Since D + is surjective, D~ is injective and so KerZ? + = KerZ?. 

Let P+ be the orthogonal projection onto H + . Since D is odd, DP + = P + D. 

By Lemma [5 . 1 . 1 Ul the operator DP + : H(D) — + H is adjointable with adjoint 
P + D(D 2 + l)" 1 . From P+D\ H(D) ± = D ± it follows that D-{D 2 + l)" 1 : H~ -> 
H(D)+ is the adjoint of D+ : H(D)+ -> H~ . 
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Since D + is surjective, KerD + is complemented in H(D) + and the range of 
the adjoint D~(D 2 + : H~ -> H(D)+ is closed. Furthermore 

D-{D 2 + I)" 1 = (L> 2 + l)-?D-(D 2 + , 

and (Z? 2 + 1)~ 1//2 : if* — > H(D) ± is an isomorphism by Lemma 15.1.101 hence 
RanD - is closed, too. □ 

Proposition 5.1.14. Let D be a regular selfadjoint operator on H. 

(1) For all X £ C \ IR the operator D — A is invertible. 

(2) Assume that the range of D is closed and let P be the projection onto the 
kernel of D. Then there is c > such that the spectrum of (D + P) is 
contained in 1R\] — c, c[ and the spectrum of D is contained in 
(H\]-c,c[)U{0}. 

Proof. This follows from the functional calculus for regular operators ( |La| . 
Th. 10.9) and from the decomposition in Prop. 15.1.121 □ 

The following criteria for selfadjointness are useful: 

Lemma 5.1.15. Let D be a symmetric regular operator such that the range of 
D + i and of D — i is dense in H . Then D is selfadjoint. 

PROOF. The operators D + i and of D — i have closed range (see |La| . Lemma 
9.7). It follows that they have a bounded inverse on H . Then they are adjoint to 
each other, thus D is selfadjoint. □ 

Lemma 5.1.16. Assume that D is symmetric and has an inverse D^ 1 G B(H). 
Then D is regular. 

Proof. Since D is symmetric, the adjoint is densely defined. From D^ 1 E 
B(H) it follows that the graph of D~ x is complemented, hence the graph of D is 
complemented as well. Hence D is regular. □ 

5.1.4. Decompositions of Hilbert C*-modules. Let H be a Hilbert A- 
module with ^4-valued scalar product ( , ). Let J = {1, . . . , m} C IN resp. J = IN. 
If J = IN, then set m = oo. 

Definition 5.1.17. A system {fk}kej C H is called orthonormal if for all 

k,le J 

(fki fl) = Ski ■ 

It is called an ORTHONORMAL BASIS OF H if for all f 6 H there is (a n ) neJ C A 

m 

such that f = J2 fndn- 

71=1 

Since a n = (/„, /), the coefficients are uniquely defined by the system. 

Proposition 5.1.18. Let {fk}keJ be an orthonormal system in H whose span 
is dense in H. Then it is an orthonormal basis of H and the map 

f ^ ({/ni/))neJ 

is an isomorphism from H to A m if m < oo and to I 2 {A) else. 
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Proof. Let P„ be the orthogonal projection onto the span of the first n vectors 
of the system {/fc} fce j. On span/i{/fc | k G J} the projection P n converges strongly 
to the identity for n — > oo. Since \\P n \\ = 1 for all n G IN, it follows that P n 
converges strongly to the identity on H. □ 

Lemma 5.1.19. Let {Ui}i^ be a family of pairwise orthogonal closed subspaces 
of H such that ©igiN^i is dense in H. Let {Tj} ie iN be a family of operators with 
Ti € B(Ui) and assume that there is c G 1R such that ||Tj|| < c for all i G IN. 

Then the closure T of the operator (BiemTi is in B(H) and \\T\\ < c. 

Proof. The spectral radius of an operator A G B(H) is denoted by r(A). 
Write T{n) for the restriction of T on ®f =1 Ui. Then for all n G IN 

||T(n)|| 2 = r(T{nYT{n)) = max r(T?TA = max \\T?Ti\\ < c 2 . 

l<t<n l<i<n 

For v G domT there is n G IN such that v G ®f =1 Ui. Then Tv = T(n)v and thus 

\\Tv\\ = \\T(n)v\\<c\\v\\ . 

It follows that the closure of (Bi^Ti is a bounded operator on H. The adjoint is 
given by the closure of (BieiNT* . □ 

Corollary 5.1.20. Let {t/i}i e iN be a family of pairwise orthogonal closed sub- 
spaces of H such that ©ieiN^i is dense in H. Let {Ti}i e ^ be a family of operators 
such that T~ G B{Ui) and assume that there is c G IR such that \\T~ || < c for all 
i G IN. Then the closure T of the map (Bi^wTi is invertible with inverse in B(H). 

Proof. The operator (Bi^T^ 1 is inverse to (Bie^Ti. It fulfills the conditions 
of the previous lemma, hence its closure is a bounded operator on H. It is the 
inverse of the closure of T. □ 

PROPOSITION 5.1.21. Let {ej} ie]N be the standard basis of I 2 (A). Let M be 
a closed and N a projective submodule of I 2 {A) such that I 2 (A) — M ® N . Let 
P be the projection onto N along M and let P n be the orthogonal projection onto 
L n := span/ijei | i = 1, . . . , n}. Assume that P is adjointable. 

For n G IN such that 

\\P{l-P n )\\<\ 

it holds: 

(i) The A-module N' := P n {N) is projective and the maps 

P n :N^N'andP:N'^N 

are isomorphisms. 

(ii) 1 2 {A) = M®N' . 

Note that for n G IN large enough ||P(1 — P n )|| < \ since P is a compact 
operator. 

Proof. From ||P(1 - P n )\\ < \ it follows that 
Hence (PP n )\ N ■ N —> N is invertible. 



1n-(PPu)\n\\ < \ 
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The module N' := P n (N) is closed and finitely generated, thus projective. 
Furthermore, since (PP n )\N is an isomorphism, the maps 

P n : N -> N' and P : N' -> TV 

are isomorphisms as well. 

It remains to show N' ® M = l 2 (A). 

The intersection iV' n M is trivial: If x £ N' n M, then Pa; = 0, hence, as 
P : N' — > N is an isomorphism, a; = 0. 

Let now a; S Z 2 ■ Since PP„ : iV — > N is invertible, there is y £ N such that 
Px = PP n y. 

Then 

a; = (1 - P)x + Px 
= (l-P)x + PP n y 
= (1 - P)x + P n y - (1 - P)P n y 
= (1 - P)(x - P n y) + P n y . 

Since (1 - P){x - P n y) £ M and P n y £ N', it follows that x £ M @ N' . □ 



5.2. Operators on spaces of vector valued functions 

5.2.1. Vector valued functions and tensor products. Let V be a Frechet 
space. 

In the following we are interested in spaces T(M, V) where T = C, C°°, C , LP 
and M is endowed with the appropriate structure. It is desirable to have an isomor- 
phism T(M, <D) <g> V = T(M, V) extending the inclusion T(M, C) V ^ T(M, V) 
because this ensures that every bounded operator on T(M, C) extends to a bounded 
operator on T(M, V) (at least if the tensor product is an e- or 7r-tensor product). 
Examples where such an isomorphism exists are listed below whereas the example 
r = L 2 where in general such an isomorphism cannot be found is studied in detail 
in the following sections. 

Proofs can be found in |Trj . If not specified the functions are assumed to be 
complex valued. 

• Let M be a compact topological space. Then 

C{M) £ 7S C(M, V) . 
For compact spaces M, N 

C[M x N)= C(M) ® e C(N) . 

• Let U C IR™ be open and precompact. For all m £ INo 

C^(U) ® e V^C^{U,V) . 

• Let M be a closed smooth manifold. For all m £ INq 

C m (M) ® £ V = C m (M,V) . 

• Let U C IR™ be open and precompact. Then C§°(U) is nuclear, in partic- 
ular 

cg°(co C'Z°(U) ® S V^ C^(U, V) . 
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• Let M be a closed smooth manifold. Then C°° (M) is nuclear, in particular 

C°°{M) ® n V^ C°°(M) (g) e F = C°°(M, V) . 
For closed smooth manifolds M, N 

C°°(M xN)^ C°°(M) <g> C°°(N) . 

• The space of Schwartz functions 5(H) is nuclear, in particular 

5(H) ® n V^ 5(H) (gi e F = 5(1R, V) . 

The isomorphisms are given by the unique extension of the inclusion of the algebraic 
tensor product. 

5.2.2. L 2 -spaces and integral operators. Let E be a Banach space with 
norm | • |. Let End-E be the Banach algebra of bounded operators on E. We denote 
the operator norm on End E by | • | as well. 

Definition 5.2.1. Let M be a measure space and p S IN. 

The Banach space L P (M,E) is defined to be the completion of the quotient of 
the space of simple E -valued functions on M by the subspace of functions vanishing 
almost everywhere with respect to the norm 

ll/IU* := U\f(x)\ p dx 

In order to avoid confusion we make the following convention: If E = A 11 for a 
C*-algebra A, then L 2 {M,E) denotes the Hilbert A- module defined in H5. 1.11 and 
not the space just defined. In general these spaces do not coincide. 

Lemma 5.2.2. Let M\,Mi be a -finite measure spaces. Then the map 

L 2 {M 1 x M 2 , E) - L 2 (M 1 ,L 2 (M 2 ,E)), f h-» (x ^ f(x, •)) 

is an isometric isomorphism. 

PROOF. The lemma follows from Fubini. □ 

Proposition 5.2.3. Let M be a measure space. 

Let k : M X M —* End E be a measurable function such that the integral kernel 
\k(x,y)\ defines a bounded operator \K\ onL 2 (M) with norm |||if|||. Then k defines 
a bounded operator on L 2 (M,E) with norm less than or equal to 

PROOF. For a simple function / : M —> E 

|| / k(;y)f(y) dyWv < || / \k(;y)\\f(y)\ dy\\ L , < \\\K\\\ \\f\\ L ,. 

JM JM 

□ 

Corollary 5.2.4. Let M be a measure space. 
There is a norm- decreasing map 

L 2 (M x Af,End£) -> B(L 2 (M, E), L 2 (M, E)) 
k~(f~Kf:=J^k(;y)f(y) dyj . 

COROLLARY 5.2.5. The convolution induces a continuous map 
L 1 (M n ,'EndE)^ B(L 2 (JR n ,E)), f ~ (g ~ f * g) . 
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Proof. The convolution with / G L 1 (JR n ,EndE) is an integral operator with 
integral kernel f(x-y). Since |/| G L^JR") for / G L^ET, EndS), the convolution 
with | /| is bounded on L 2 (fR n ). Then the assertion follows from the previous 
proposition. □ 

Lemma 5.2.6. For any f € L p (JR n ,E) the translation map 
Tf:M n ^U'(M n ,E), y^ryf , 

defined by 

T vf( x ) f(x-y) , 

is continuous. 

Proof. The proof is analogous to the case E = C, see |Co| . Ch. VII, Prop. 
9.2. □ 

5.2.3. Adjointable operators on Banach spaces. Let B be an involutive 
Banach algebra with unit. In this section all operators are assumed to be right 
S-module maps. Let £ be a Banach right S-module with norm | • |. 

Definition 5.2.7. A 23-valued non-degenerated product on E is a map 
( , ) : E x E — > B that is ^-linear in the second variable and has the following 
properties: 

(1) (v, wb) = (v, w)b for all v,w £ E, b £ B, 

(2) (v, w) = (w, v}* for all v, w G E, 

(3) if (v, w) = for all i»e£, then v = 0, 

(4) there is C > such that \ (v,w} \ < C|w|£; \w\e for allv,w G E. 

Let E be endowed with a B- valued non-degenerated product ( , ) . 

Definition 5.2.8. A bounded operator T : E — > E is called adjointable if 
there is a map T* : E — > E satisfying 

(v, Tw) = (T*v, w) 

for all v,w € E. 

Lemma 5.2.9. Let T : E — > E be adjointable. 

(1) The adjoint T* is unique. 

(2) T* is a right B-module map. 

(3) T* is bounded. 

(4) T** = T. 

(5) (ST)* =T*S*. 

PROOF. (1) Let T* be an adjoint of T and T(T*) its graph. Then 

r(T*) C G := {(x, y) G E x E \ (y, w) + {-x, Tw) — Vw G E} . 

Let v G E. There is a unique V\ E with (u, »i)6G since from 

(i>i, w) = (v, Tw) = («2, if) Vui G -E 

it follows (v± ~ V2,w) — for all w £ E and therefore ui = V2 ■ This shows 
r(T*) = G. 

(2) If («,«;) G TIT*) and b £ B, then (a;6 + y6 + w) £ T{T*) by the 
proof of (1). 

(3) Since T(T*) is closed, the operator T* is bounded. 
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(4) From (1) it follows that T(T**) =T(T). 

(5) ((ST)*v, w) = (v, STw) = (S*v, Tw) = {T*S*v, w). □ 

Lemma 5.2.10. Let T be a densely defined operator on E. If there exists a 
densely defined operator S , called FORMAL ADJOINT of T, such that 

(f,Tg) = (Sf,g) 

for all f £E domS*, g € domT, then T is closable. 

Proof. The set 

{(x,y) e E®E | (f,y)-(Sf,x) =0V/edomS} 
is the graph of a closed extension of T. □ 

The standard B- valued non-degenerated product on B n is given by 

n 

(v,w) :=J2v*w l . 

i=l 

Since the endomorphism set of B n can be identified with M n (B), all elements of 
End(S) are adjointable and taking the adjoint is a bounded linear map. 

If M is a measure space, the standard S-valued non-degenerated product on 
L 2 (M,B n ) is defined by 

(/,5>l 2 : = / (f(x),g(x))dx . 

JM 

We check condition (3) of Def. IS~2~7I 

Let B' be the topological dual of B endowed with the weak topology. 
We use that every A e B' induces a map A : B n — > (D™ by componentwise 
application. 

If / S L 2 (M,B n ) with (f,g) L 2 = for all g e L 2 (M,B n ), then in particular 
for all g G L 2 (M, C n ) and A € B' 

f \(f(x)*)9(x)dx = 0, 

JM 

hence X(f(x)*) vanishes almost everywhere. Since B' is separable, it follows / = 
in L 2 (M, B n ). 

5.2.4. Hilbert-Schmidt operators. Let the notation be as in the previous 
section. Assume that M is a tr-finite measure space. 

Lemma 5.2.11. Let k e L 2 (M x M,M n (B)) and let K be the corresponding 
integral operator on L 2 (M,B n ). Then k is uniquely defined by K. 

PROOF. It is enough to show that k vanishes in L 2 (M x M, M n (B)) if K = 0. 
Applying A € B' componentwise yields maps A : M n (B) — > M rl (C) and A : 

B n 

For / £ L 2 (M, C") we have that almost everywhere 

\(f k(x,y)f(y)dy)= [ X(k(x, y))f(y) dy = . 

JM JM 

It follows that \(k(x, y)) = in L 2 (M x M, M„(C)). Since B' is separable, the set 
of all (x,y) £ M x M such that there is A S B' with X(k(x,y)) ^ has measure 
zero. On the complement of this set k vanishes. □ 
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Definition 5.2.12. A Hilbert-Schmidt operator on L 2 (M,B n ) is an inte- 
gral operator with integral kernel in L 2 (M x M, M n (B)). Let A be a Hilbert-Schmidt 
operator on L 2 {M,B n ) with integral kernel kA & L 2 (M x M,M n (B)). We define 

WMhs := ||M , 

where the norm on the right hand side is taken in L 2 (M x M, M n (B)). 

The normed space of Hilbert-Schmidt operators on L 2 (M,B n ) is denoted by 
HS(L 2 (M,B n )). 

Note that HS(L 2 (M,B n )) is a Banach algebra and that the inclusion 

HS[L 2 (M,B n )) -> B(L 2 (M, B n )) 

is bounded. Prop. If). 2. 131 below shows that HS(L 2 (M,B n )) is a left B(L 2 (M,B n ))- 
module. 

All operators in HS(L 2 (M,B n )) are adjointable. The integral kernels of A g 
HS(L 2 (M, B n )) and A* are related by fe^« (x, y) = kA(y, x)* . It follows that taking 
the adjoint is a bounded map on HS(L 2 (M,B n )). 

Proposition 5.2.13. Let A e B(L 2 (M, B n )), K e HS(L 2 (M,B n )). 

(1) Then AK £ H S (L 2 (M , B n )) . Furthermore there is C > 0, independent 
of A and K , such that 

\\AK\\ HS <C\\A\\\\K\\ HS . 

(2) If A is adjointable, then KA e HS(L 2 (M,B n )). Furthermore there is 
C > 0, independent of A and K , with 

\\KA\\ HS < C\\A*\\\\K\\ HS . 

Proof. (1) There is an isomorphism 

L 2 (M x M,M n (B)) ^ L 2 (M x M,B n ) n 

that is equivariant with respect to the left -M„(2?)-action on both spaces. Further- 
more the map 

L 2 (M x M,B n ) -> L 2 (M,L 2 (M,B n )), k >-> (y^k{-,y)) 

is an isomorphism by Lemma 15.2.21 The operator A induces a bounded map on 
L 2 (M , L 2 (M , B n )) , namely fc i — > (j/ i — s- Ak(-,y)), clearly its norm is less than or 
equal to the norm of A on L 2 (M,B n ). 

(2) The map K i— > KA is a composition of the following maps on HS(L 2 (M, B n )): 

K&K*£> A*K* = (KA)* A KA . 

By (1) and the fact that taking the adjoint is bounded on HS(L 2 (M,B n )) these 
maps are bounded. □ 

Definition 5.2.14. (1) Let ( , ) : B n x B n — * B be the standard B-valued 

non-degenerated product. For e € B n define the map 

e* :B n ->B, (e, v) . 

(2) An integral operator A on L 2 (M,B n ) is called finite if there is k 6 IN 
and there are functions fj, hj € L 2 (M, B n ), j = 1 . . . k, such that 

k 

kA(x,y) =^2fj(x)hj(y)* . 
i=i 
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5.2.5. Trace class operators. Let M be a cr-finite Borel space. Assume 
that there is a uniformly bounded sequence (K m )mem C B(L 2 (M,B n )) converging 
strongly to the identity such that each K m is an integral operator with continuous 
compactly supported integral kernel. 

This condition is fulfilled for example if M is a complete Riemannian manifold: 
Using Prop. 15.2.31 and the fact that the heat kernel k t (x,y) of the scalar Laplacian 
A is positive, one can deduce that kt(x,y) defines a strongly continuous semigroup 
e~ tA on L 2 (M,B n ). Then K m := 4> m e~™ A 4>m is an appropriate sequence, where 
(^ra)men is a sequence in C C (M) that converges to the identity on compact subsets 
of M. 

The composition of operators induces a continuous map 

H : HS(L 2 (M,B n )) ®„ HS(L 2 {M,B n )) B(L 2 (M, B n )) . 

Definition 5.2.15. A trace class operator on L 2 (M, B n ) is an element 
in the range of \i. The space of trace class operators is denoted by Tr(L (M, B n )). 
We identify it with 

(HS(L 2 (M, B n )) ® w HS(L 2 {M,B n ))) /Ker/i 

and endow it with the quotient norm. 

It follows from Prop. I5.113l that Tr(L 2 (M, B n )) is a left B(L 2 (M, B n ))-module 
and that there is a well-defined action of adjointable operators from the right. 

Proposition 5.2.16. The map 

R : HS{L 2 (M,B n )) ®„ HS(L 2 (M,B n )) -» L l {M,M n {B)) , 

(A, B) -> (x i-> / k A (x,y)k B (y,x) dy) 

J M 

descends to a continuous map 

R : Tr(L 2 (M, B n )) -» L X (M, M n (B)) . 

Proof. Note that R is continuous, hence all we have to show is that R is 
well-defined. Since the sequence K m is uniformly bounded, the map F i— * K m FK m 
on HS(L 2 (M,B n )) ® w HS(L 2 (M,B n )) converges strongly to the identity. The 
assertion follows if we can show that fi(F) = implies R(K m F K m ) = 0. 

The map F i— > K m FK m is continuous as a map from HS(L 2 (M, B n )) ® T 
HS(L 2 (M,B n )) to C c (M,L 2 (M,M n (B))) C* C (M, L 2 (M, M„(B))). The compo- 
sition with the continuous map C C (M, L 2 (M, M n (S))) ® w C C (M, i 2 (M, M„(B))) 
C C (M x M, M n (B)) induced by the product 

L 2 (M, M n (B)) x L 2 (M, M n (B)) -> M n (B), ^ / /^^(x) 

agrees with the map that sends F to the continuous integral kernel k^ KmFKrn ^ of 
n{K m FK m ). We compose further with the restriction to the diagonal and get a 
continuous map 

HS{L 2 (M,B n )) (gv HS(L 2 (M,B n )) -» C c (M,M n (B)) C L\M,M n (B)) , 

which agrees with the map i 7, i— * R(K m FK m ). This shows that the map F i— > 
R(K m FK m ) factors through the map 

HS(L 2 (M,B n )) ^ HS(L 2 (M,B n )) -» C C (M x M,M n (B)), F h- fc M K m fK m ) ■ 
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Now fi(F) — implies ji{K m FK m ) = 0, hence k^x m FK m ) — by the uniqueness 
of the integral kernel in C C (M x M, M n (B)). □ 

Let 

tr : M n (B) -> B/%B] 
be the trace defined, as usual, by adding up the diagonal elements and let 

Tr(T) := / tr R(T)(x) dx 

for T e Tr(L 2 (M, M n {B))). Then for Hilbert-Schmidt operators A, B 

Tr(AB) = Tt(BA) . 

From the fact that any trace class operator can be approximated by finite sums 
of products of Hilbert-Schmidt operators it follows that the equation holds also for 
A e Tr(L 2 (M, £>")) and B any adjointable operator. 

5.2.6. Pseudodifferential operators. Let E be a Banach space. 
Let U be an open precompact subset of M™. Recall the notion of a symbol of 
order monf/: 

Definition 5.2.17. A function a e C°°(C/ x 1R",M ; (C)) is called a symbol 
OF order m G TR if it is compactly supported in the first variable and if for all 
multi-indices a, (3 <G INq the expressions 

sup (l + \^\)- m +^\d^a(x,0\ 
xeu, £eiR™ 

are finite. 

These are seminorms on the space S m (U, M;(C)) of symbols of order m on U, 
which turn S m (U, M;(C)) into a Frechet space. 

In order to simplify formula involving Fourier transform it is convenient to 
rescale the Lebesgue measure on TR n by setting d'x := (2ir)~%dx. 

We consider L 2 (U, E l ) as a subspace of L 2 (TR n , E l ) in the following. 
The Fourier transform is bounded from V-(TR n , E) to C Q (JR n ,E). 
A symbol a <G S m (U, M;(C)) defines a continuous operator 

Op(o) : C™(U,E l ) - (^{U,^), (Op(a)/)(x) = / e fa f 0^,0/(0 d'^ 

ilR" 

called a pseudodifferential operator of order to. 

Due to the fact that the Fourier transform is in general not continuous on 
L 2 (TR n , E l ), the continuity properties of pseudodifferential operators acting on vec- 
tor valued functions are in general weaker that those one gets for E = C. They are 
still weaker if we allow for symbols with values in End E. 

Lemma 5.2.18. (1) For to < -f and a e S m (U,Mi(<C)) the operator 

Op(a) extends to a bounded operator on L 2 (U,E l ) and the map 

Op : S m (U,Mi(<E)) -» B{L 2 {U,E 1 )) 

is continuous. 
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(2) Letm < -§ andv,k £ IN with k < -f-m. Then for a e S m (U, M t {V)) 
the operators 

Op(a):CZ(U,E l )^C» +k (U,E l ) 

and 

Op(a):L 2 (U,E l )^C*(U,E l ) 

are continuous. 
Proof. (1) Let m < 

The Fourier transform in £ induces a bounded map 

S m (U, M,(C)) - C c °°((7, L 2 (M™, M;((D))), a ^ (s h- a(x, •)) . 
If a G S^C/, M;(C)), we extend Op(a) to L 2 (f/, £') by 

(Op(a)/)(:r) := / a(x, z)f(—x — z)d' z . 

JlR" 

The map 

S m (U, Mi(€)) -> B(L 2 (U, E 1 )), a ^ Op(o) 
is well-defined and continuous since 

IT -> L 2 (JR n ,E l ), ih(zh /(-s - z)) 
is continuous by Lemma f5. 2. til hence Op(a)/ £ Cq(U,E 1 ) and 

II Op(a)/||c < sup ||a(x, -)IU 2 ll/IU 2 • 

xeu 

(2) First let m < -§ and fc = 0. 

If / € Cff(f7, then a; i-» (z h-> f(-x - z)) is in CftpR™, L 2 (E n , £')). 
It follows as above that Op(a)/ € Cq{U,E 1 ) and 

II Op(o)/||c» < C sup sup U^a(a5, -)IU»ll/llo- • 

|a|<i/x6C7 

Now assume that the assertion holds for k — 1 and all a S S m (U, M;(C)) with 

We prove the assertion for fc and a G S m (U, Af/(C)) with m < — § — fc: 
If a € INq with | a | = 1, then the map 

/^cT(Op(a)/) 

is a pscudodiffcrcntial operator of degree m + 1. By induction it is a bounded 
operator from C u {U,E l ) to C^- 1 {U , E l ) . It follows that Op(a) is continuous 
from C u {U,E l ) to C u+k {U,E l ). 

An analogous induction argument shows that Op(a) is continuous from L 2 (U, E l ) 
to C#(E7, For k = this was proved in (1). □ 

5.3. Projective systems and function spaces 

The projective systems (-4j)jg]N and (s*</i^t)t,^e]No f rom ^1-3.31 induce pro- 
jective systems of spaces (L 2 (M, A\)) . g]No and (L 2 (M, (^A)'))^^- 

Recall the convention fixed in H5.2.2I The space L 2 (M, „4' ) is the Hilbert A- 
module defined in ^5.1.11 For \i G INq and i € IN the space L 2 (M, (fl^^Ai) 1 ) was 
defined in H5.2.2I 

In the following we investigate the behavior of some particular classes of oper- 
ators on L 2 (M, ((iKpAi) 1 ) under the projective limit. 
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5.3.1. Integral operators. Hilbert-Schmidt operators on L 2 (M, A\) have the 
property that they extend to bounded operators on L 2 (M, (Cl^Aj) 1 ) for all j £ TNq 
with j < i and all /i € INo. We investigate how the spectrum depends on j, [i. 

We extend a method developed by Lott ( |Lo3| . §6.1.) for closed manifolds 
to certain non-compact manifolds with boundary (in particular for the manifold 
defined in ill. in . 

Let [0, 1]™ be endowed with a measure of the form hdx where h is a positive 
continuous function on [0, 1]™ and dx is the Lebesgue measure. 

In the proof of the following proposition we use that there exists a Schauder 
basis of C([0, 1]™) that is orthonormal in L 2 ([0, l] n ) (here and in the following we 
understand L 2 ([0,l] n ) with respect to hdx). For h = 1 a Franklin system jSej 
yields such a basis {/„} n giN, then for general h the system {h~ 5 f n } ne ^ is one. 

The proposition still holds true if [0, 1]™ is replaced by a compact Borel space 
for which such a basis exists. 

Proposition 5.3.1. (1) Let [0,1]™ be endowed with a measure hdx as 

above. Let k E C([0, 1]™ x [0, 1]™, Mi(Ai)) and let K be the corresponding 
integral operator. Assume that 1 — K is invertible in B(L 2 ([0, l] n , A 1 )). 
Then 1 - K : L 2 ([0, 1]", (0<^A)') -> L 2 {[Q, 1]", (0< M A) ! ) is invertible. 
(2) Let M be a Riemannian manifold of dimension n, possibly with boundary. 
Suppose that there is a covering {-KmjmeiN of M with K m compact, K m C 
if m +i and such that K m is diffeomorphic to [0, 1]™ for every m S IN. Let 
k e L 2 (M x M,Mi(Ai)) n C(M x M,Mi{Ai)) and assume furthermore 
that 3!H k(x,-) and y i-> k(-,y) are in C(M, L 2 (M, M t (Ai))). 

If 1 — K is invertible in B(L 2 (M, A 1 )), then 1 — K is invertible in 
B{L 2 (M, (Vt<^Ai) 1 )). 

Proof. (1) Choose a basis of C([0, 1]") which is orthonormal with respect 
to hdx and let Pn denote the projection onto the first N basis vectors. The 
integral kernel of Pn is in L 2 ([Q,l] n x [0,1]™), hence Pjv acts continuously on 

We decompose L 2 ([Q, 1]™, (Cl^^Ai) 1 ) into the direct sum 

P N L 2 ([0, 1]", (Cl^Ai) 1 ) 8 (1 - Pn)L 2 ([0, 1]", (Cl^Ai) 1 ) 

and write 



1-K = 




with respect to the decomposition. 

If we find N such that d is invertible on (1 — P N )L 2 ([0, 1]™, (Cl<^Ai) 1 ) and prove 
that then a — bdr x c is invertible on PnL 2 ([Q, 1]™, (Cl^^Ai) 1 ), we can conclude that 
(1 — K) is invertible by the equality 

fa b \ _ f 1 bd- 1 \ f a- bd^c \ / 1 \ 
\ c d ) ~ { 1 ) \ d ) \ d~ x c 1 ) ' 

First we show that 

d=(l-P N )(l-K)(l-P N ) 

is invertible for TV big enough. By Prop. I5.2.13l the operator (1 — Pn)K(1 — Pn) is 
a Hilbert-Schmidt operator. Its integral kernel is continuous. 
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For N — > oo the projections P/v converge strongly to the identity on C([0, 1]™). 
Since 

C([0,1]" x [0,l] n ,M ; (A)) = C([0,lf)(8) E C([0,l]")O £ M / (A) , 

there is N such that the norm of the integral kernel of (1 — Pn)K(1 — Pjv) is smaller 
than | in C([0, 1]" x [0, 1]", M ; (A))- 
For that N the series 

oo 

(i-JV) + £((i- Wi-W 

I/=l 

converges as a bounded operator on (1 — fV)L 2 ([0, 1]™, (l^^^)') and inverts d. 
Hence a — bd~ 1 c is well-defined. 

Via the basis we identify a — bd~ 1 c with an element of MNi(Ai). Since 1 — K 
is invertible on L 2 (M, A 1 ), the matrix a — bdT x c is invertible in Mni(A). By Prop. 
II .3.41 it follows that a — bd~~ 1 c is invertible in Mm(Ai) as well. 

(2) Let to e IN be such that in L 2 (M x M,Mi{A t )) 

\\(l-l Ktn (x))k(x,y)(l-l Km (y))\\<±. 

Write 

J) 

with respect to the decomposition 

L 2 (M, (ft^A)') = lK m L 2 (M, (Cl^Ai) 1 ) © (1 - l Km )i 2 (Af, (f!<,A)') • 
By the choice of to € IN the entry cf = 1 — (1 — lx m )K(l — ljfm) is invertible on 

(l-l^ m )L 2 (M,(Q< M A)0- 

We prove that a — bd~ 1 c is invertible on L 2 (K m , (Cl^^Ai) 1 ) and then the asser- 
tion follows as in the proof of ( 1 ) . 

On L 2 (K m , (tl^^Ai) 1 ) 

a - bd~ x c = l Km - (l Km Kl Km + bd~ l c) . 

The operator lK m Klj{ m + bd~ 1 c is an integral operator on L 2 (K m , (Cl^^Ai) 1 ) with 
continuous integral kernel: The integral kernel of b is lx m (x)k(x, y)(l — ^K m (v)) 
and x i— > lK m (x)k(x, -)(1 — ljc m ) is in C(K m ,L 2 (M, Mi(Ai))). For the integral 
kernel (1 - l Km (x))k{x,y)\ Km (y) of c we have y i-> (1 - ljr m )fc(-, V^K^y) G 
C(K m , L 2 (M, Mi(Ai))). It follows that bd _1 c is an integral operator with continu- 
ous kernel on X m x -fT m . Clearly the integral kernel of lfc m KlK m is continuous as 
well. 

Since a — bd~ 1 c is invertible on L 2 (K mi A 1 ) and since the measure on if m pulled 
back by an orientation preserving diffcomorphism [0, 1]" — > K m is of the form hdx, 
we conclude by (1) that a — bd~ x c is invertible on L 2 (K m , (fl<. tl Ai) 1 ) as well. □ 

COROLLARY 5.3.2. Let k be an integral kernel as in part (2) of the proposition 
and let K be the corresponding integral operator. Then for A S C* i/ie operator 
K — X is invertible on L 2 (M, (fl^^Ai) 1 ) if K — A is invertible on L 2 (M,A l ). 

Proof. For A G <D\ {0} the integral kernel fc/A fulfills the conditions of the 
lemma. Thus if A - K = A(l - if/A) is invertible on L 2 (M,A l ), then A - K is 
invertible on L 2 (M, (Cl^At) 1 ) as well. □ 
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5.3.2. The Chern character. 

Definition 5.3.3. Let V be a Z/ '2- graded finite dimensional vector space. Let 
K be an integral operator on L 2 {M 1 V <S> Q,< ll Ai) with integral kernel k : M x M — > 
End(V r ) ® fi<^.Ai- TTien we define A(K) to be the integral operator on L 2 (M, V 8> 
f2<„.4,-) wif/i integral kernel A(k(x, y)). (The action of d on End(V A ) (g> f2< M A was 
described in ^ 1.3. 'lA ) 

Note that if K is of degree n with respect to the Z/2-grading on L 2 (M, V ® 
n^A), then 

d(A-/)=d(A-)/+(-l) n A-d/. 
Lemma 5.3.4. Lei M be a a -finite measure space. 

Let P be a Hilbert- Schmidt operator on L 2 (M, (0<^A) ) with integral kernel 
in L 2 (M x M, Mi(Ai)) and assume that P 2 = P. Then 

PAPAP = P(A(P)) 2 . 

Proof. As for matrices (see the beginning of the proof of Prop. I1.3.3fl we have 
that (dP) = P(AP) + {AP)P and P(AP)P = 0. 
It follows that 

PdPdP = P(dP)dP = P(AP) 2 P 

= P(AP)(AP) - P(AP)P(AP) 

a 

Lemma 5.3.5. Let P : [0, 1] -► HS{L 2 (M, (Sl^A) 1 )) be a differ entiable path of 
Hilbert- Schmidt operators with integral kernels in L 2 (M x M, Mi(Ai)), and assume 
that P(t) 2 = P(t) for every t € [ 0, 1]. 

Then for k 6 1N in (l< f _ l Ai/[ l tt< f _ t Ai, 0<^A] 

TrP(l)(dP(l)) 2fc - TrP(0)(dP(0)) 2fe 

is exact. 

Proof. As for matrices (see Prop. 11.3. 3fl . □ 

If T is a trace class operator on L 2 (M, (Cl^Ai) ) restricting to a trace class 
operator on L 2 (M, {&< v Aj) 1 ) for all j, v £ IN with j > i and v > /i, then by taking 

the projective limit we can consider Tr(T) as in element in Cl*Aoo/[&*Aoo, Cl*Aoo]s- 
In the next lemma we show that under certain conditions the formula for the Chern 
character can be generalized to projections which are Hilbert-Schmidt operators. 

Proposition 5.3.6. Let M be a Riemannian manifold of dimension d, possibly 
with boundary. Suppose that there is a covering {-ftT m }meiN of M with K m compact, 
K m C K m+ \ and such that K m is diffeomorphic to [0, l} d for all m £ IN. 

Let P £ B(L 2 (M,A 1 )) be a projection onto a projective submodule of L 2 (M,A l ). 
Assume further that for any i £ IN it restricts to a bounded projection on L 2 (M, A\) 
and that P(L 2 (M,A\)) C.C{M,A\). Let 



Ra nco P:= p| P{L 2 {M,A\)) 



ie)N 
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(1) The projection P is a Hilbert- Schmidt operator with integral kernel of the 
form jyjLi fj( x )hj(y)* with fj,hj £ Raiioo P. 

(2) The intersectionR&iioe P is a projective Aoo-module. The classes [Ran P] £ 
Kq(A) and [Rarioo P] £ K (A OC ) correspond to each other under the 
canonical isomorphism K (A) = i^o(^oo)- 

(3) In H^iAoo) 

OO ^ 

chlRaiiooP] = ^(-l)"-Tr(PdP) 2n . 

n=0 

PROOF. (1) Let {e„} ne iN C C§°(M, C') be an orthonormal basis of L 2 (M, C'). 
The orthogonal projection P n onto the span of the first n basis vectors is a 
Hilbert-Schmidt operator with integral kernel in Cq°(M x M,M;(C)). 
In particular P n £ B(L 2 (M,A\)) for any i £ IN. 
First we consider the situation on L 2 (M, A 1 ): 
Since P is compact, there is n £ IN such that on L 2 (M,A l ) 

\\P(Pn-l)\\<l- 

Then by Prop. 15. 1.211 the map PP n P : RanP — > RanP is an isomorphism. 
It follows that Ker PP„P = (RanP)- 1 = KerP and therefore 



P = 1 - P 



Kcr PP„P 



Here Pkci-pp„p denotes the orthogonal projection onto Ker PP„P. 

We can find r > such that B r (0) \ {0} is in the resolvent set of PP n P. 
Then 



P = 1-Pk 



erPP„P 



1 - / (A - PPnPy^X 

^ / (A- 1 - (A - PP^P)" 1 ) rfA 
--Lpp„P / A- 1 (A-PP„P)- 1 rfA 



'|A|=r 

The integral kernel of PP n P fulfills the conditions of Prop. 15.3.11 From Cor. 15.3.21 
we conclude that the spectrum of PP„P in B(L 2 (M, A\)) is independent of i £ JNo, 
thus 



/ A" X (A -PP n P)- x dX 

J\\\=r 



R 

is a bounded operator on L 2 (M, A\) for all i e 1N . 

This and the equation PR = PRP show that P is an integral operator with 
integral kernel 

1 ™ 

Z7TZ * — ' 

i=i 

The integral kernel is in L 2 (M x M, Mi(Ai)) for all i £ 1N and is of the form we 
asserted. 

(2) Let P„ as above with ||(P„ - 1)P|| < | in P(L 2 (M,^))- 
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The operator (1 + (P n - 1)P) is invertible in B(L 2 (M, A 1 )), hence by Prop. 
ETO it is invertible in B(L 2 (M, A\)) for any ieWo. From P n P = (1 + (P„ - 1)P)P 
it follows that 

P n P(L 2 (M,^)) S Ran P(Z 2 (M, .4^)) 

for all i S IN . Furthermore Q := (l + (P„-l)P)P(l + (P n -l)P)- 1 e B(L 2 (M, A\)) 
is a projection onto P n P(L 2 (M, A[)). Identify P n (L 2 (M, A\)) with „4™ via the basis 
and let Q' E M^A^) be the restriction of Q to P n (L 2 (M, A\)). From Ran^ P ^ 
Q'(^™ ) it follows that [RanP] = [Q'\ in tf (-A) and [Ra noo P] = [Q'] in K (Aoo)- 
This shows the assertion. 

(3) Let P„, Q and Q' be as in the proof of (2). In H^ R (Aoo) 

chfRanoo P] = ch(Q') 



£(-l) fc itr(Q'dg'; 



21: 



Since 



fc=0 

OO -. 

= E(- X ) fe m Tr (( F »Q P ™) d(PnQP n )) 2fe 

fc=0 

= E(-l) fe ^Tr(P„g)(dP„Q) 2 ' £ 
= E(-l) fe ^Tr(Q(dQ) 2fc ) ■ 

k=0 

H: [0,l]^P(L 2 (M,(O< M A)')) > 



P(t) = (1 + t(P„ - 1)P)P(1 + t(P„ - lJP)" 1 

is a differentiable path of finite projections with H(Q) — P and H(l) = Q, the 

difference Tr(QdQ) 2fc - Tr(PdP) 2fc is exact in 1 ,.A 00 /[Q*.Ao OJ O*^oo] s by the 
previous lemma. 

This shows the assertion. □ 



5.4. Holomorphic semigroups 
5.4.1. General facts. Let X be a Banach space. 

In order to fix notation we collect some well-known facts about holomorphic 
semigroups on X. A general reference is RR . 

For 6 g]0,tt] let T, s := {A e C* | | arg A| < 5}. 

Recall that a family S : U {0} — * B(X) is called a holomorphic semigroup 
if it is a semigroup, i.e. 5(0) = 1 and S(t + s) = S(t)S(s) for all s,t e S 5 U {0}, 
moreover if it is strongly continuous on X^/ U {0} for all 8' < 6 and holomorphic on 



Given a holomorphic semigroup S'(f), the unbounded operator Z with Zx := 
4i(S(t)x)\t=Q whenever defined is called the generator of Z. It is densely defined 
and closed. Any subset of its domain that is dense in X and invariant under the 
action of the semigroup is a core for Z . 



5.4. HOLOMORPHIC SEMIGROUPS 



111 



Recall that a densely defined operator Z on X generates a holomorphic semi- 
group e tz if and only if there is uj g TR such that Z + uj is ^-sectorial for some 
5 G]0,7r/2], i.e. if and only if £,5 +7r / 2 is a subset of the resolvent set p(Z + lo) and 
for any e with < e < S there is C > such that for all A e £ £+7r / 2 

IKz + c-A)- 1 !!^. 

Then there is C > such that for all t > 

\\e tz \\ < Ce~ wt . 

Lemma 5.4.1. Let Z be a densely defined operator on X and let 6 > be such 

that 

(i) £ 5+7r/2 U {0} C p(Z) , 

(ii) for every a < S there are c e 1R and r > smc/i £/ia£ 

ll^ + c-A)- 1 !!^ 

for A e S Q +7r/2 ™^ |A| > r and A — c <G p(^). 
T/ien Z is S-sectorial. 

Proof. Let < e < 5. 

Let a e (e,<5) and R > r big enough such that any A e E £+7r / 2 with |A| > R 
satisfies A — c e S Q+7r / 2 - By assumption we find C > such that for all A € S e+7r / 2 
with |A| > R 

C 



< 



A + c| 
C\ f\\ + c\ + Id 



|A|A |A 



C 



< hr; 1 + 



c 



c 



< £ 



Since £ £+7I y 2 n {|z| < R} is a compact subset of the resolvent set of Z, this implies 
the assertion. 

□ 

We have the following relation between the spectrum of a (5-sectorial operator 
Z and the behavior of the holomorphic semigroup e tz for t — > oo. 

Proposition 5.4.2. If Z is a S-sectorial operator and there is uj > such that 

{Re A > -uj} C p{Z) , 

then for any uj' < uj there is C > such that for all t > 

||e tz || < Ce^' 1 . 

Proof. For any uj' < uj there is < 5' < 5 such that S <5 / +7r/2 U{0} C p(Z + uj'). 
Now it follows from the previous lemma that Z + uj' is ^'-sectorial. □ 
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Proposition 5.4.3. If e tz is a strongly continuous semigroup with generator 
Z such that Rane tz C domZ for all t G (0,oo) and if there are T > and C > 
such that for t <T 

\\Ze tz \\<Ct- 1 , 

then e tz extends to a holomorphic semigroup. 

If the estimate holds for all t > 0, then the extension is bounded holomorphic. 

PROOF. The assertion follows immediately from |Da| . Th. 2.39. □ 

Part (1) of the next proposition is known under the name Volterra development 
and the formula in part (2) is called Duhamel's formula: 

Proposition 5.4.4. Let Z be the generator of a strongly continuous semigroup 
and let M,lo e TR be such that \\e tz \\ < Afe wt for all t > 0. 

(1) Let R G B(X). Then Z + R is the generator of a strongly continuous 
semigroup and for all t > 



e t(Z+R) 



= j>2t n [ e Uotz Re Ultz R . . . e Untz du . . . du n 



with A" = {uq + • • • + U n = 1; Ui > 0, i = 0, . . . ,n}. Furthermore 

n e t(Z+R)u < Me (u+M\\R\\)t _ 

(2) Let Ri,..., R n E B(X). For t > the map 

€ n -» B(X), (zi, ... , z n ) ^ e t(Z+z lRl +-+z n R n ) 
is analytical and for i = Q, . . .n 

_^_ e t{Z+z 1 R 1 + --- + z n R n ) _ f e (t-s)(Z+z 1 Ri+-+z n R n ) j> e s(Z+x 1 R 1 + -+z n R n ) dg 

dzi J 

PROOF. (1) follows from |Daj . Th. 3.1 and the proof of it. 
(2) The analyticity follows from (1). 

For the formula it is enough to consider n = 1. Let R := R±. 
For z Q G C by (1) 

oo . 

e (Z+zR)t = Y\{z-Z ) n t n / e not(Z+z R) Re u 1 t(Z +Zo R) R ^ e u n t(Z+z R) ^ ^ _ 
„=0 J A n 

This implies that 

± e (Z+zR)u t f 1 e u t(Z+z R) Re (l-uo)t(Z+z R) duo 

dz J a 

□ 

The following proposition is known in the literature as Duhamel's principle: 

Proposition 5.4.5. Let Z be the generator of a strongly continuous semigroup 
on X. Let u G C 1 ([0, oo), X) such that u(t) £ domZ and 4:u(t) — Zu(t) € domZ 
for all t G [0, oo). Then 

r* d 

e tz u(0) - u(t) = eSZ (-r- z ) u (t - s)ds . 
Jo dt 

Proof, see EE], Appendix A, (9.37) and (9.38). □ 
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5.4.2. Square roots of generators and perturbations. Assume that D is 
a densely defined closed operator on a Banach space X with bounded inverse and 
such that — D 2 is ((-sectorial. 

There are well-defined fractional powers (D 2 ) a for a £ IR ( RR , §11.4.2). 
These are densely defined closed operators that coincide for a £ 2 with the usual 
powers and satisfy 

{D 2 ) a+f} f = (D 2 ) a (D 2 ff 
for all a, (3 £ IR and / £ dom(D 2 ) 7 with 7 = max{a, j3, a + f3}. For a < the 
operator (D 2 ) Q is bounded and depends of a in a strongly continuous way. 

In particular it follows that for a > the operator (D 2 )~ Q is a bounded inverse 
of (D 2 ) Q . 

Define |D| := (D 2 )? . 

By |Kat| . Th. 2, the operator — |D| is (5+ El^zJL )-sectorial and can be expressed 
in terms of the resolvents of D 2 . 

Note that for every n £ IN the domain of |D|™ is a core of |D| and domD" is 
a core of D. 

Lemma 5.4.6. (1) Let P be a closed densely defined operator on X and 

assume that P 2 is densely defined and P 2 \m = P\m for some dense subset 
M of dom P 2 . 

Then P is a bounded projection. 
(2) Let L be a closed densely defined operator on X and assume that L 2 is 
densely defined and that there is a dense subset M of dom I 2 with I 2 \m — 
1|m- 

Then I is a bounded involution. 

PROOF. (1) If / e M, then / = (1 - P)f + Pf and (1 - P)Pf = P(l - P)f = 
0. We conclude that M C KerP + Ker(l - P) C domP. If P is closed, then 
KerP + Ker(l - P) is closed, hence KerP + Ker(l - P) = X, thus domP = X. 

(2) The operator P := 5(1 + 1) is a closed projection on X in the sense of (1). 
Thus P is bounded. It follows that I is bounded as well. □ 

Proposition 5.4.7. The closure of the operator |£>| _1 £) : domD — > X is a 
bounded involution I on X and 

(1) domD = dom|P>| and /(domD) C domD. 

(2) |D| = ID = DI and D = I\D\ = \D\I. 

Proof. The operator D _1 commutes with the resolvents of D 2 . It follows 
that IDI^D" 1 = D-^DI" 1 . Hence |D| -1 (dom£>) C domD because of domD = 
D- X X , so domD 2 C domQDl^D) 2 . 

If / £ domD, then \D\~ x Df = D\D\~ X f . For f £ domD 2 it follows that 
(\D\~ 1 D) 2 f = f. 

Let (/ n ) n giN be a sequence in domD converging to zero. If |D| 1 D/ n = 
D|D| _1 /„ converges, the limit is zero since D is closed. Hence |D| _1 D is clos- 
able. By the previous lemma it extends to a bounded involution. 

Since for / £ domD 2 we have that Dlf = \D\f and since DL is closed, the 
composition IDI : dom |D| — > X is well-defined and closed. It coincides with D on 
domD 2 , hence it is a closed extension of D. It follows that domD C dom |D|. The 
inclusion dom |D| C domD is shown analogously. 

The equations are clear on domD 2 , which is a core for D and |D|. □ 
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The operator P := i(l + J) with / as in the previous proposition is a bounded 
projection on X. By the proposition PdomD C domD and P commutes with D 
and \D\. 

From ID = \D\ and I\D\ = D it follows that PD = -P\D\. Thus with respect 
to the decomposition X = PX © (1 - P)X 

PDP 
-(l-P)D(l-P) 



D = 
and 



101 = 



PDP 
(l-P)D(l-P) 

By taking into account that — \D\ is (<5+ -^|^)-sectorial it follows for the resolvent 
set of D: 

Proposition 5.4.8. For A e C 

{A,-A}cp(£>)^{A,-A}cp(|I>|) . 

Thus if A £ C wif/i —A 2 6 ^n/2+6> then A G p{D). 

Furthermore for every 5' < 5 there is C > smc/i that for all A wrai/i — A 2 S 

ii ( D-Ani<^. 



Corollary 5.4.9. Let uj > be such that there is C > wii/i ||e tD2 \\ < Ce~"' 
for all t > 0. 

(1) For every a € IR cmc? a>' < w £/iere is C > swc/i i/iai for all t > 

|||L»| Q e - tD2 || < Cr Q / 2 e-"'* . 

(2) For every n € IN and to' < w there is C > smc/i that for all t > 

||L>" e - tD2 || < Ct- n/2 e- a ''* . 

Proof. The first assertion is [RRJ, Lemma 11.36, and the second one follows 
from the first one by D — I\D\ and DI = ID. □ 

Proposition 5.4.10. Let A be a bounded operator and let 5' < S. 

(1) There is R > such that D + A — A has a bounded inverse if |A| > R and 
—A 2 e T,s'+ 7r /2- 

(2) There is uj > smc/i t/ia£ — (£) + A) 2 + u> is S 1 -sectorial. 

(3) D + A commutes with e - t ( D + A ) 2 . 

PROOF. By Prop. I5.4.8l there is M > such that for all A with -A 2 e £<5' +7r /2 

HP-Art^. 

Hence the Neumann series 

oo 

(D + A - A)" 1 = (D - A)" 1 ^(^(^ - A ) _1 )" 



n=0 



converges for |A| > M||A|| and —A 2 e ^s'+-k/2- 
This shows (1). 
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If |A| > 2M\\A\\ and —A 2 € T, 5 , +7r/2 , then 

OO 

UD + A-Xr'W = W^iD - X)- 1 (A(D - X)-'] 

oo 

< ^||A||"||( J D-A)- 1 |r+ 1 
M n+1 \\A\\ n 



< 



< 



n=0 

oo 

^ \\\ 

n=0 1 1 

M M\\A\\ 

\M [ |A| ' 
2M 

Let fi e > 4M 2 ||yl|| 2 } n S 5 , +7r/2 . If A 6 C with -A 2 = then A S p(D + A), 
hence the resolvent 

(-(£> + A) 2 - m)- 1 = -(i? + A-A)- 1 ( J D + A + A)- 1 

exists and is bounded by 

||(-( j d + ^) 2 -m)" 1 !! < 



4M 2 



ImI ' 

There is u> > 4M 2 \\A\\ 2 such that 

*W /2 U {0} C ({|m| > 4Af 2 ||A|| 2 } n S 5 / +ff/2 ) - lo 

and thus 

^ +7r/2 U{0}cp(-(^ + A) 2 +^) . 
Assertion (2) follows now from Lemma 15.4.11 

(3) follows from the fact that e - l ( D + A ) can b e expressed in terms of the resol- 
vents of (D + A) 2 , which commute with D + A. □ 
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